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1.  Quantum Mechanics (QM) 
- basic framework -


ú�g�”�w�”� �=�z
Æ�¬��
Q�z

�þ�ˆ�q�{� �w��	O
Q�z�”� �‹�m�•
�”� �w
H�„�•

15/40

!
"
#
$

5 electrons 8 electrons

14 electrons 19 electrons

16/40

!
"
#
$

500 electrons 1,000 electrons

7,000 electrons 50,000 electrons
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量子力学の構成規則

�y	Ý�6�x�Î�ç�Õ�ç�Ä�í���w�Õ�«�Ä�ç���������������p
¯�^�•�”

�y�
���”�x�¤�ç�Û�”�Ä���‰� �p
¯�^�•�”

�y�
���”�y���w�����A�L�w�8�4�‹�x�y�y�y�y�����p�)�Q�’�•�”�y

�y	Ý�6�w�Ì��
C�2�x�¤�ç�Û�”�Ä���‰� �y�������›�;�M�h

���������³�á�è�”�Ã�Ÿ�ï�¨�”�M���Ü�p�F���^�•�”

TEST SPACE

|C(a, b)− C(a, b!)| + |C(a! , b!) + C(a! , b)| ≤ 2

C(a, b) =
!

d! " (! ) A(a, ! )B(b, ! )

A(a, ! ) = ± 1 B(b, ! ) = ± 1

! =
A11 −A01

A10 −A01
! =

1
5

B(0) = TA (0)T

|# � �# |A|# �

�$, # � =
!

R\{ 0}
dx $" (x)# (x)

TEST SPACE

|C(a,b) ! C(a,b�)| + |C(a�, b�) + C(a�, b)| " 2

C(a,b) =
�

dλ ρ(λ) A(a,λ) B (b,λ)

A(a,λ) = ± 1 B (b,λ) = ± 1

λ =
A11 ! A01

A10 ! A01
λ =

1
5

B(0) = TA(0)T

|ψ# $ψ|A|ψ# A

$φ, ψ#=
�

R\{ 0}
dx φ∗(x)ψ(x)

TEST SPACE

|C(a,b)− C(a,b!)|+ |C(a!, b!) + C(a!, b)| ≤ 2

C(a,b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ±1 B (b,! ) = ±1

! =
A11 − A01

A10 − A01
! =

1
5

B(0) = TA(0)T

|# � �# |A|# � A

�$, # � =
!

R\ { 0}
dx $" (x)# (x)

TEST SPACE

|C(a, b) ! C(a,b�)| + |C(a�, b�) + C(a�, b)| " 2

C(a,b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ±1 B (b,! ) = ±1

i h̄
d
dt
|##= H |##

|## $# |A|## A H

$$, ##=
!

R\{ 0}
dx $∗(x)# (x)

TEST SPACE

|C(a, b) ! C(a, b
! )| + |C(a!

, b
! ) + C(a!

, b)| " 2

C(a, b) =
!

d! " (! ) A(a, ! ) B(b, ! )

A(a, ! ) = ±1 B(b, ! ) = ±1

iøh
d

dt
|##= H|##

|## $# |A|## A H

$$, ##=
!

R\ { 0}
dx $" (x)# (x)



(1) structural questions:　量子化とは？
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TEST SPACE

|C(a, b) ! C(a, b
! )| + |C(a!

, b
! ) + C(a!

, b)| " 2

C(a, b) =
!

d! " (! ) A(a, ! ) B(b, ! )

A(a, ! ) = ± 1 B(b, ! ) = ± 1

fA (q, p) # A

iøh
d

dt
|#$= H |#$

|#$ %#|A|#$ A H

fA # A, fB # B =& afA + bfB # aA + bB

%$, #$=
!

R\{0}
dx $" (x)# (x)

物理量



(1) structural questions:　量子化とは？
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TEST SPACE

|C(a, b) ! C(a, b
! )| + |C(a!

, b
! ) + C(a!

, b)| " 2

C(a, b) =
!

d! " (! ) A(a, ! ) B(b, ! )

A(a, ! ) = ± 1 B(b, ! ) = ± 1

fA (q, p) # A

iøh
d

dt
|#$= H |#$

|#$ %#|A|#$ A H

fA # A, fB # B =& afA + bfB # aA + bB

%$, #$=
!

R\{0}
dx $" (x)# (x)

物理量
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TEST SPACE

|C(a, b) ! C(a, b
�)| + |C(a�

, b
�) + C(a�

, b)| " 2

C(a, b) =
!

d! " (! ) A(a, ! ) B(b, ! )

A(a, ! ) = ± 1 B(b, ! ) = ± 1

fA(q, p) # A

iøh
d

dt
|#$= H |#$

|#$ %#|A|#$ A H

fA # A, fB # B =& fA + fB # A + B

fA # A =& F (fA) # F (A)

%$, #$=
!

R\{ 0}
dx $∗(x)# (x)

線形性：

TEST SPACE

|C(a,b) ! C(a,b!)| + |C(a!, b!) + C(a!, b)| " 2

C(a,b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1

f A (q, p) # A

iøh
d
dt

|#$= H |#$

|#$ %#|A|#$ A H

f A # A, f B # B =& f A + f B # A + B

f A # A =& F (f A ) # F (A)

%$, #$=
!

R\{0}
dx $" (x)# (x)

関数形保存性：



(1) structural questions:　量子化とは？
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TEST SPACE

|C(a, b) ! C(a, b
! )| + |C(a!

, b
! ) + C(a!

, b)| " 2

C(a, b) =
!

d! " (! ) A(a, ! ) B(b, ! )

A(a, ! ) = ± 1 B(b, ! ) = ± 1

fA (q, p) # A

iøh
d

dt
|#$= H |#$

|#$ %#|A|#$ A H

fA # A, fB # B =& afA + bfB # aA + bB

%$, #$=
!

R\{0}
dx $" (x)# (x)

物理量
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TEST SPACE

|C(a, b) ! C(a, b
�)| + |C(a�

, b
�) + C(a�

, b)| " 2

C(a, b) =
!

d! " (! ) A(a, ! ) B(b, ! )

A(a, ! ) = ± 1 B(b, ! ) = ± 1

fA(q, p) # A

iøh
d

dt
|#$= H |#$

|#$ %#|A|#$ A H

fA # A, fB # B =& fA + fB # A + B

fA # A =& F (fA) # F (A)

%$, #$=
!

R\{ 0}
dx $∗(x)# (x)

線形性：

TEST SPACE

|C(a,b) ! C(a,b!)| + |C(a!, b!) + C(a!, b)| " 2

C(a,b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1

f A (q, p) # A

iøh
d
dt

|#$= H |#$

|#$ %#|A|#$ A H

f A # A, f B # B =& f A + f B # A + B

f A # A =& F (f A ) # F (A)

%$, #$=
!

R\{0}
dx $" (x)# (x)

関数形保存性：
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演算子順序、エルミート演算子の定義域、表現空間の選択など
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(2) conceptual questions:　量子状態とは？

・実在論者の立場（realist）：  波動関数　   は個々の系の状態を記述

TEST SPACE

|C(a,b) ! C(a,b�)| + |C(a�, b�) + C(a�, b)| " 2

C(a,b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1

f A (q, p) # A

iøh
d
dt

|#$= H |#$

|#$ %#|A|#$ A H

f A # A, f B # B =& f A + f B # A + B

f A # A =& F (f A ) # F (A)

%$, #$=
!

R\{ 0}
dx $∗(x)# (x)

・方便家の立場（instrumentalist）：  波動関数　   は系の集団　　　
　　　　　　　　　　　　　　　　（ensemble）の状態を記述

TEST SPACE

|C(a,b) ! C(a,b�)| + |C(a�, b�) + C(a�, b)| " 2

C(a,b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1

f A (q, p) # A

iøh
d
dt

|#$= H |#$

|#$ %#|A|#$ A H

f A # A, f B # B =& f A + f B # A + B

f A # A =& F (f A ) # F (A)

%$, #$=
!

R\{ 0}
dx $∗(x)# (x)
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TEST SPACE

|C(a,b) − C(a,b!)| + |C(a!, b!) + C(a!, b)| ≤ 2

C(a,b) =
�

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ±1 B (b,! ) = ±1

f A(q, p) → A

iøh
d
dt
|# � = H |# �

|# � �# |A|# � A H

f A → A, f B → B =⇒ f A + f B → A + B

f A → A =⇒ F (f A) → F (A)

|# �|m0� → |+ �|m+ � + |−�|m" �

TEST SPACE

|C(a, b) ! C(a, b
! )| + |C(a!

, b
! ) + C(a!

, b)| " 2

C(a, b) =
!

d! " (! ) A(a, ! ) B(b, ! )

A(a, ! ) = ± 1 B(b, ! ) = ± 1

fA (q, p) # A

iøh
d

dt
|#$= H |#$

|#$ %#|A|#$ A H

fA # A, fB # B =& fA + fB # A + B

fA # A =& F (fA ) # F (A)

|#$|m0$# |+ $|m+$+ |!$ |m" $

TEST SPACE

|C(a,b) ! C(a,b�)| + |C(a�, b�) + C(a�, b)| " 2

C(a,b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1

f A (q, p) # A

iøh
d
dt

|#$= H |#$

|#$ %#|A|#$ A H

f A # A, f B # B =& f A + f B # A + B

f A # A =& F (f A ) # F (A)

|#$|m0$# |+ $|m+ $+ |!$ |m−$

TEST SPACE

|C(a, b) ! C(a, b
�)| + |C(a�, b�) + C(a�, b)| " 2

C(a, b) =
!

d! " (! ) A(a, ! ) B(b, ! )

A(a, ! ) = ± 1 B(b, ! ) = ± 1

fA (q, p) # A

iøh
d

dt
|#$= H |#$

|#$ %#|A|#$ A H

fA # A, fB # B =& fA + fB # A + B

fA # A =& F (fA ) # F (A)

|#$|m0$# |+ $|m+ $+ |!$ |m−$

�Ì��
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von Neumann �ù�è�>
ƒ

!  many worlds interpretation,  consistent histories, ...
!  dynamical reduction (quantum gravity, decoherence, GRW mechanism, ... )



2.  EPR and Entanglement 
- QM is incomplete? -

Einstein-Podolsky-Rosen (1935)
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A B

�”� �‹�m�•	Ý�6  (spin singlet)

TEST SPACE

! x ! p !
øh
2

|C(a, b) " C(a, b!)| + |C(a!, b!) + C(a!, b)| # 2

C(a, b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1 #i v(#i )

f A (q, p) $ A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 = % f (v(A), v(B ), v(C), . . .) = 0

#2
i = 1 % { v(#i )} 2 = 1 % v(#i ) = ± 1

iøh
d
dt

|$&= H |$&

|$& '$ |A|$& A H

f A $ A, f B $ B =% f A + f B $ A + B

f A $ A =% F (f A ) $ F (A)

#(q) #(p) !
øh
2

%(q) &(p) !
øh
2

%(q) &(p) + #(q) &(p) + %(q) #(p) !
øh
2

|$&|m0& "$ |+ &|m+ &+ |"& |m" &

|$&= | + z&| " z& " |" z&| + z&= | + x&| " x& " |" x&| + x&

+ +
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EPRの議論
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EPRの議論

! ���2�.�q�N�J�D�S�P���N�B�D�S�P�ð�J�•Schrödinger’s cat (1935)

! ���Á	t�î�O�æ�w�D�ó
Q�w�Û�¯�• Bell��
Æ�s�Ü (1964)

! ���”� �‰�ø�• EPR protocol (Ekert, 1991)

! ��EPR�w�D�J�U�B�U�J�P�O
:�•200 (~ 1965) "  4,000 (~ today）
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3.  BellÕs Theorem 
- local realism vs QM -

局所実在論（LRT）： 隠れた変数


ì��

����

確率分布

Bell 不等式 

QMでは破れている

TEST SPACE

|C(a, b)− C(a, b
!)| + |C(a!

, b
!) + C(a!

, b)| ≤ 2

C(a, b) =
�

d! " (! ) A(a, ! )B(b, ! )

A(a, ! ) = ±1 B(b, ! ) = ±1

fA (q, p) → A

ih̄
d

dt
|# � = H|# �

|# � �# |A|# � A H

fA → A, fB → B =⇒ fA + fB → A + B

fA → A =⇒ F (fA ) → F (A)

|# �|m0� −→ |+�|m+ �+ |−�|m" �

|# � = | + z�|− z� − |− z�| + z� = | + x�|− x� − |− x�| + x�

測定角　,     を任意に選べることが重要（自由意志）

TEST SPACE

|C(a,b) ! C(a,b!)| + |C(a!, b!) + C(a!, b)| " 2

C(a,b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1

f A (q, p) # A

iøh
d
dt

|#$= H |#$

|#$ %#|A|#$ A H

f A # A, f B # B =& f A + f B # A + B

f A # A =& F (f A ) # F (A)

|#$|m0$! # |+ $|m+$+ |!$ |m" $

|#$= | + z$| ! z$! | ! z$| + z$= | + x$| ! x$! | ! x$| + x$

TEST SPACE

|C(a,b) ! C(a,b!)| + |C(a!, b!) + C(a!, b)| " 2

C(a,b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ±1 B (b,! ) = ±1

f A(q, p) # A

i h̄
d
dt
|#$= H |#$

|#$ %# |A|#$ A H

f A # A, f B # B =& f A + f B # A + B

f A # A =& F (f A) # F (A)

|#$|m0$! # |+$|m+ $+ |!$ |m" $

|#$= | + z$| ! z$! | ! z$| + z$= | + x$| ! x$! | ! x$| + x$

TEST SPACE

|C(a, b) ! C(a,b�)| + |C(a�, b�) + C(a�, b)| " 2

C(a,b) =
�

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ±1 B (b,! ) = ±1

f A (q, p) # A

iøh
d
dt
|#$= H |#$

|#$ %# |A|#$ A H

f A # A, f B # B =& f A + f B # A + B

f A # A =& F (f A ) # F (A)

|#$|m0$! # |+ $|m+$+ |!$ |m−$

|#$= | + z$| ! z$! | ! z$| + z$= | + x$| ! x$! | ! x$| + x$

J. Bell (1964)



Aspect  et al. (1980 - 1985)

検証実験の歴史

Clauser-Horne-Shimony-Holt (1969) �î�q�D�ó�s�î�g���Š

Freedman-Clauser (1972) 
�Q�I�P�U�P�O

�	�B�U�P�N�J�D���S�B�E�J�B�U�J�W�F��

�D�B�T�D�B�E�F�T�

Holt-Pipkin (1978) 

Clauser (1976) 

LRT

QM

LRT

�Q�I�P�U�P�O

�	�B�U�P�N�J�D���S�B�E�J�B�U�J�W�F��

�D�B�T�D�B�E�F�T�������J�N�Q�S�P�W�F�E�


LRT

energy & time

optical Þber 4km

more than 10km

�Q�I�P�U�P�O

�	�Q�P�T�J�U�S�P�O�J�V�N���E�F�D�B�Z�

Kasday-Ullman-Wu (1975)LRT

�Q�I�P�U�P�O

�	�Q�B�S�B�N�F�U�S�J�D���E�P�X�O��

�D�P�O�W�F�S�T�J�P�O�


Brendel  et al. (1992)

Tapster  et al. (1994)

Tittel et al. (1998)



�U	Â�î�g�t�S�Z�”���m�w ��loophole

1) locality loophole 局所性条件が実験的に保証されない

2) efficiency loophole 検出効率が不十分 fair sampling 
assumption

a

b

+1+1

−1 −1

A

�{� �o

B



�Ù�å�w�U	Â�î�g�q�M�P�P�Q�I�P�M�F

Aspect  et al. (1982) photon:  ������m

Weihs  et al. (1998)

Rowe  et al. (2001)

photon:  ��������m

ion

局所性 検出効率

Sakai  et al. (2006) proton ?
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Φ
�,�¤���  CPLEAR (CERN)1999 
�,�¤���  KLOE (DA 　NE)2006 
�#�¤��� 2007 Belle (KEK)

|B 0! | øB 0! " | øB 0! |B 0!
#

2

TEST SPACE

|C(a, b) ! C(a, b!)| + |C(a!, b!) + C(a!, b)| " 2

C(a, b) =
∫

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ±1 B (b,! ) = ±1

B 0 # B̄ 0

Γ(t l ) = e" t l / τB Υ(4s)e+ e−

�#�¤��� �w�0
\
R
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Φ
�,�¤���  CPLEAR (CERN)1999 
�,�¤���  KLOE (DA 　NE)2006 
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4.  Kochen-Specker Theorem 
- contextuality -

�°
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Q�x 	Ý�¯�‘��
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Kochen-Specker (1967)

TEST SPACE

|C(a, b) ! C(a, b′)| + |C(a′, b′) + C(a′, b)| " 2

C(a, b) =
!

d! " (! ) A(a, ! ) B(b, ! )

A(a, ! ) = ± 1 B(b, ! ) = ± 1

fA (q, p) # A A,B,C, . . .

iøh
d

dt
|#$= H |#$

|#$ %#|A|#$ A H

fA # A, fB # B =& fA + fB # A + B

fA # A =& F (fA ) # F (A)

|#$|m0$ !# |+ $|m+ $+ |!$ |m−$

|#$= | + z$| ! z$ ! |! z$| + z$= | + x$| ! x$ ! |! x$| + x$
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ú�g�”�w
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TEST SPACE

|C(a, b) ! C(a, b′)| + |C(a′, b′) + C(a′, b)| " 2

C(a, b) =
!

d! " (! ) A(a, ! ) B(b, ! )

A(a, ! ) = ±1 B(b, ! ) = ±1

fA(q, p) # A A,B,C, . . . v(A), v(B), v(C), . . .

iøh
d

dt
|#$= H|#$

|#$ %# |A|#$ A H

fA # A, fB # B =& fA + fB # A + B

fA # A =& F (fA) # F (A)

|#$|m0$ !# |+ $|m+$+ |!$ |m−$

|#$= | + z$| ! z$ ! |! z$| + z$= | + x$| ! x$ ! |! x$| + x$

TEST SPACE

|C(a, b) ! C(a, b′)| + |C(a′, b′) + C(a′, b)| " 2

C(a, b) =
!

dλ ρ(λ) A(a,λ) B (b,λ)

A(a,λ) = ± 1 B (b,λ) = ± 1

f A (q, p) # A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 = $ f (v(A), v(B ), v(C), . . .) = 0

iøh
d
dt

|ψ%= H |ψ%

|ψ% &ψ|A|ψ% A H

f A # A, f B # B =$ f A + f B # A + B

f A # A =$ F (f A ) # F (A)

|ψ%|m0% !# |+ %|m+%+ |!%|m−%

|ψ%= | + z%| ! z% ! |! z%| + z%= | + x%| ! x% ! |! x%| + x%

�\�w�q�V�y�y�w�Â�“
Ç�Z

TEST SPACE

|C(a, b) ! C(a, b′)| + |C(a′, b′) + C(a′, b)| " 2

C(a, b) =
!

dλ ρ(λ) A(a,λ) B (b,λ)

A(a,λ) = ± 1 B (b,λ) = ± 1
f A (q, p) # A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 =$ f (v(A), v(B ), v(C), . . .) = 0

i h̄
d
dt

|ψ%= H |ψ%

|ψ% &ψ|A|ψ% A H

f A # A, f B # B =$ f A + f B # A + B

f A # A =$ F (f A ) # F (A)

|ψ%|m0% !# |+%|m+ %+ |!%|m−%

|ψ%= | + z%| ! z% ! |! z%| + z%= | + x%| ! x% ! |! x%| + x%
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|C(a, b) − C(a, b!)| + |C(a!, b!) + C(a!, b)| ≤ 2

C(a, b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1
f A (q, p) → A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 =⇒ f (v(A), v(B ), v(C), . . .) = 0

i h̄
d
dt

|# 〉 = H |# 〉

|# 〉 〈# |A|# 〉 A H

f A → A, f B → B =⇒ f A + f B → A + B

f A → A =⇒ F (f A ) → F (A)

|# 〉|m0〉 −→ |+〉|m+ 〉 + |−〉|m" 〉

|# 〉 = | + z〉| − z〉 − |− z〉| + z〉 = | + x〉| − x〉 − |− x〉| + x〉
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TEST SPACE

|C(a, b) − C(a, b′)| + |C(a′, b′) + C(a′, b)| ≤ 2

C(a, b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ±1 B (b,! ) = ±1
f A(q, p) → A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 =⇒ f (v(A), v(B ), v(C), . . .) = 0

i h̄
d
dt

|# 〉 = H |# 〉

|# 〉 〈# |A|# 〉 A H

f A → A, f B → B =⇒ f A + f B → A + B

f A → A =⇒ F (f A) → F (A)

|# 〉|m0〉 −→ |+〉|m+ 〉 + |−〉|m−〉

|# 〉 = | + z〉|− z〉 − |− z〉| + z〉 = | + x〉|− x〉 − |− x〉| + x〉
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Merminの魔方陣 (1990)

TEST SPACE

|C(a, b) − C(a, b! )| + |C(a! , b! ) + C(a! , b)| ≤ 2

C(a, b) =
!

dλ ρ(λ) A(a,λ) B(b,λ)

A(a,λ) = ±1 B(b,λ) = ±1 σi v(σi )

fA (q, p) → A A,B,C, . . . v(A), v(B), v(C), . . .

f (A,B,C, . . .) = 0 = ⇒ f (v(A), v(B), v(C), . . .) = 0

σ2
i = 1 ⇒ {v(σi )}2 = 1 ⇒ v(σi ) = ±1

iøh
d

dt
|ψ〉 = H|ψ〉

|ψ〉 〈ψ|A|ψ〉 A H

fA → A, fB → B =⇒ fA + fB → A + B

fA → A =⇒ F (fA ) → F (A)

TEST SPACE

|C(a, b) − C(a, b!)| + |C(a!, b!) + C(a!, b)| ≤ 2

C(a, b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1 #i v(#i)

f A(q, p) → A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 = ⇒ f (v(A), v(B ), v(C), . . .) = 0

#2
i = 1 ⇒ { v(#i)} 2 = 1 ⇒ v(#i) = ± 1

iøh
d
dt

|$ 〉 = H |$ 〉

|$ 〉 〈$ |A|$ 〉 A H

f A → A, f B → B =⇒ f A + f B → A + B

f A → A =⇒ F (f A) → F (A)
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TEST SPACE
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f (A, B, C, . . . ) = 0 = $ f (v(A), v(B ), v(C), . . .) = 0

#2
i = 1 $ {v(#i )}2 = 1 $ v(#i ) = ±1

iøh
d
dt

|$%= H |$%

|$% &$ |A|$% A H

f A # A, f B # B =$ f A + f B # A + B

f A # A =$ F (f A ) # F (A)

TEST SPACE

|C(a, b) − C(a, b!)| + |C(a!, b!) + C(a!, b)| ≤ 2

C(a, b) =
!

dλ ρ(λ) A(a,λ) B (b,λ)

A(a,λ) = ± 1 B (b,λ) = ± 1 σi v(σi)

f A(q, p) → A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 =⇒ f (v(A), v(B ), v(C), . . .) = 0

σ2
i = 1 ⇒ { v(σi)} 2 = 1 ⇒ v(σi) = ± 1

i h̄
d
dt

|ψ〉 = H |ψ〉

|ψ〉 〈ψ|A|ψ〉 A H

f A → A, f B → B =⇒ f A + f B → A + B

f A → A =⇒ F (f A) → F (A)
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TEST SPACE
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TEST SPACE
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TEST SPACE
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TEST SPACE

|C(a, b) − C(a, b!)| + |C(a!, b!) + C(a!, b)| ≤ 2

C(a, b) =
!

dλ ρ(λ) A(a,λ) B (b,λ)

A(a,λ) = ± 1 B (b,λ) = ± 1 σi v(σi)
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5.  LeggettÕs Theorem 
- nonlocal realism vs QM -
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Leggett 不等式 
QMでは破れている

 P~u; ~v!rA; rBj ~a; ~b" #
1
4

$1 % rA ~a &~u % rB ~b &~v

% rArBC! ~u; ~v; ~a; ~b"' : (5)

ThecorrelationcoefÞcientC! ~u; ~v; ~a; ~b" is constrainedonly
by the requirementthat (5) must deÞnea probability
distribution over (rA, rB) for all choice of the measure-
ments ~a, ~b. Remarkably, this constraint is sufÞcientto
derive inequalitiesthatcanbeviolatedby quantumphysics
[6,8,10]. In thederivationof theseinequalities,onedeÞnes
two orthogonal planesin thePoincare«sphere:!j # f ~a 2
Sj ~a &~nj # 0g for ~nj 2 S and ~n1 &~n2 # 0. For eachunit
vector ~aj 2 !j, let us deÞne~a?

j # ~nj ( ~aj: the inequal-
ities arethenobtainedin termsof coefÞcientsEj!! " which
are the averageover all directions ~aj of the correlation
coefÞcient

 C! ~aj; ~bj" #
X

rA;rB

rArBP!rA; rBj ~aj; ~bj" (6)

with ~bj # !cos! " ~aj % !sin! " ~a?
j [11]. This is aproblematic

feature:suchinequalitiescanbecheckedonly by perform-
ing an inÞnitenumberof measurementsor by addingthe
assumptionof rotationalinvarianceof the correlationco-
efÞcientsC! ~a; ~b", as in [7]. It is thus natural to try and
replace the average over all possible settings with an
averageon a discreteset.This is doneby the following
estimate:let ~w and ~c be two unit vectors,and let RN be
therotationby "

N aroundtheaxisorthogonalto ( ~w, ~c); then
it holds1

N

P N) 1
k# 0 j!Rk

N ~c" & ~wj * 1
N cot"

2N + uN [12]. Replac-
ing the full averageby this discreteaveragein the other-
wise unchangedproofs [8,10], we obtain the following
family of inequalities:

 jEN
1 ! ~a1; ’" %EN

1 ! ~a1; 0"j % jEN
2 ! ~a2; ’" %EN

2 ! ~a2;0"j

+ LN! ~a1; ~a2; ’" , 4 ) 2uN

!!!!!!!! sin
’
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!!!!!!!! (7)

where

 EN
j ! ~aj; ! " #

1
N

XN) 1

k# 0

C! ~akj ; ~b
k
j" (8)

with ~bj # !cos! " ~aj % !sin! " ~a?
j and the notation ~ck #

!RN;j"k ~c (the "
N -rotationis along ~nj). This deÞnes2N and

4N settingsfor A andB, respectively.
For a pure singlet state,the quantummechanicalpre-

diction for LN! ~a1; ~a2; ’" is

 L") !’" # 2!1 % cos’" (9)

independentof N andof thechoiceof ~a1, ~a2 sincethestate
is rotationally invariant.The inequality for N # 1 cannot
beviolatedbecauseu1 # 0 [13]. Alreadyfor N # 2, how-
ever, quantumphysicsviolatestheinequality;for N ! 1 ,
uN ! 2

" , and one recovers the inequality derived in
Ref. [8]. The suitable rangeof differenceangles’ for

probinga violation of theinequalities(7) canbeidentiÞed
from Fig. 1. Thelargestviolation for an idealsingletstate
wouldoccurfor j sin’2 j # uN

4 , i.e.,at’ # 14:4- for N # 2,
increasingwith N up to ’ # 18:3- for N ! 1 .

Experiment.—The experimenthasto focuson different
issuesthanwhenusualBell inequalitiesaretested.Onone
hand,herethereis no concernaboutspacelikeseparation,
asthemodelundertestis basedonNLV. Ontheotherhand,
while theviolationof aBell inequalityrulesoutLV models
irrespective of which settingsareultimately used,the in-
equalities(7) requirea precisecontrolof themeasurement
settings[14]. We begin with a traditionalparametricdown
conversionsource[16] for polarization-entangled photon
pairswith optimizedcollection geometryin single mode
optical Þbers[17] (Fig. 2). Light from a continuous-wave
Ar-ion laserat 351 nm is pumpinga 2 mm thick barium-
beta-boratecrystal, cut for type-II parametricdown con-
version to degeneratewavelengthsof 702 nm with a
Gaussianspectraldistributionof 5 nm (FWHM). Wechose
a pump power of about 40 mW to ensureboth single
frequencyoperationof the pumplaserandto avoid satu-
ration effects in the photodetectors.Collection of down-
converted light into single modeoptical Þbersensuresa
reasonablyhigh polarizationentanglementto begin with.
In this conÞguration,we observed visibilities of polariza-
tion correlationsof >98% both in the horizontal/vertical
(HV) and . 45- linear basisfor polarizing Þlterslocated
before the Þbers.In order to avoid a modulationof the
collection efÞciency due to wedge errors in the wave
plates,we placedsubsequentpolarizationanalyzingele-
mentsbehindtheÞber.

Theprojectivepolarizationmeasurementsfor thediffer-
ent settingsof the two observers were carriedout using
quarterwave plates,rotatedby motorizedstagesby re-
spective angles# 1;2, and absorptive polarization Þlters
rotatedby angles$ 1;2 in a similar way with an accuracy
of 0.1 - . Thiscombinationallowsusto projectonarbitrary
elliptical polarizationstates.Finally, photodetectionwas
done with passively quenchedsilicon avalanchediodes,
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FIG. 1 (coloronline). Dependencyof thecombinedcorrelation
parametersL!’" asa function of the separationangle’ for the
quantummechanicalprediction for a pure singlet state, and
boundsfor nonlocal variable models assumingan averaging
over variousnumbersof directionsN.

PRL 99, 210407(2007) PH Y SI CA L REV I EW L ET T E RS weekending
23 NOVEMBER 2007

210407-2

 P~u; ~v !rA; rBj ~a; ~b" # 1
4
$1% rA ~a & ~u % rB

~b & ~v

% rArBC!~u; ~v; ~a; ~b"': (5)

ThecorrelationcoefÞcientC!~u; ~v; ~a; ~b" is constrainedonly
by the requirementthat (5) must deÞnea probability
distribution over (rA, rB) for all choice of the measure-
ments ~a, ~b. Remarkably, this constraint is sufÞcientto
derive inequalitiesthatcanbeviolatedby quantumphysics
[6,8,10]. In thederivationof theseinequalities,onedeÞnes
two orthogonalplanesin thePoincare«sphere:! j # f ~a 2
Sj ~a & ~nj # 0g for ~nj 2 S and ~n1 & ~n2 # 0. For eachunit
vector ~aj 2 ! j , let us deÞne~a?

j # ~nj ( ~aj : the inequal-
ities arethenobtainedin termsof coefÞcientsEj !!" which
are the averageover all directions ~aj of the correlation
coefÞcient

 C!~aj ; ~bj " #
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rArBP!rA; rBj ~aj ; ~bj " (6)

with ~bj # !cos!"~aj % !sin!"~a?
j [11]. This is aproblematic

feature:suchinequalitiescanbecheckedonly by perform-
ing an inÞnitenumberof measurementsor by addingthe
assumptionof rotationalinvarianceof the correlationco-
efÞcientsC!~a; ~b", as in [7]. It is thus natural to try and
replace the average over all possible settings with an
averageon a discreteset.This is doneby the following
estimate:let ~w and ~c be two unit vectors,and let RN be
therotationby "

N aroundtheaxisorthogonalto ( ~w, ~c); then
it holds1

N

P N)1
k#0 j!Rk

N ~c" & ~wj * 1
N cot"2N + uN [12]. Replac-

ing the full averageby this discreteaveragein the other-
wise unchangedproofs [8,10], we obtain the following
family of inequalities:
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with ~bj # !cos!"~aj % !sin!"~a?
j and the notation ~ck #

!RN;j "k ~c (the "
N -rotationis along ~nj ). This deÞnes2N and

4N settingsfor A andB, respectively.
For a pure singlet state,the quantummechanicalpre-

diction for LN!~a1; ~a2;Õ" is

 L" )!Õ" # 2!1% cosÕ" (9)

independentof N andof thechoiceof ~a1, ~a2 sincethestate
is rotationally invariant.The inequality for N # 1 cannot
beviolatedbecauseu1 # 0 [13]. Alreadyfor N # 2, how-
ever, quantumphysicsviolatestheinequality;for N ! 1 ,
uN ! 2

" , and one recovers the inequality derived in
Ref. [8]. The suitable rangeof differenceanglesÕ for

probinga violation of theinequalities(7) canbeidentiÞed
from Fig. 1. Thelargestviolation for an idealsingletstate
wouldoccurfor j sinÕ

2 j # uN
4 , i.e.,atÕ # 14:4- for N # 2,

increasingwith N up to Õ # 18:3- for N ! 1 .
Experiment.Ñ The experimenthasto focuson different

issuesthanwhenusualBell inequalitiesaretested.Onone
hand,herethereis no concernaboutspacelikeseparation,
asthemodelundertestis basedonNLV. Ontheotherhand,
while theviolationof aBell inequalityrulesoutLV models
irrespective of which settingsareultimately used,the in-
equalities(7) requirea precisecontrolof themeasurement
settings[14]. We begin with a traditionalparametricdown
conversionsource[16] for polarization-entangled photon
pairswith optimizedcollection geometryin single mode
optical Þbers[17] (Fig. 2). Light from a continuous-wave
Ar-ion laserat 351 nm is pumpinga 2 mm thick barium-
beta-boratecrystal, cut for type-II parametricdown con-
version to degeneratewavelengthsof 702 nm with a
Gaussianspectraldistributionof 5 nm (FWHM). Wechose
a pump power of about 40 mW to ensureboth single
frequencyoperationof the pumplaserandto avoid satu-
ration effects in the photodetectors.Collection of down-
converted light into single modeoptical Þbersensuresa
reasonablyhigh polarizationentanglementto begin with.
In this conÞguration,we observed visibilities of polariza-
tion correlationsof > 98% both in the horizontal/vertical
(HV) and.45- linear basisfor polarizing Þlterslocated
before the Þbers.In order to avoid a modulationof the
collection efÞciency due to wedge errors in the wave
plates,we placedsubsequentpolarizationanalyzingele-
mentsbehindtheÞber.

Theprojectivepolarizationmeasurementsfor thediffer-
ent settingsof the two observers were carriedout using
quarterwave plates,rotatedby motorizedstagesby re-
spective angles#1;2, and absorptive polarization Þlters
rotatedby angles$1;2 in a similar way with an accuracy
of 0.1 -. Thiscombinationallowsusto projectonarbitrary
elliptical polarizationstates.Finally, photodetectionwas
done with passively quenchedsilicon avalanchediodes,
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FIG. 1 (coloronline). Dependencyof thecombinedcorrelation
parametersL!Õ" asa function of the separationangleÕ for the
quantummechanicalprediction for a pure singlet state, and
boundsfor nonlocal variable models assumingan averaging
over variousnumbersof directionsN.
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 P~u; ~v !rA; rBj ~a; ~b" #
1
4

$1 % rA ~a &~u % rB
~b &~v

% rArBC! ~u; ~v; ~a; ~b"' : (5)

The correlation coefficient C! ~u; ~v; ~a; ~b" is constrained only
by the requirement that (5) must define a probability
distribution over (rA, rB) for all choice of the measure-
ments ~a, ~b. Remarkably, this constraint is sufficient to
derive inequalities that can be violated by quantum physics
[6,8,10]. In the derivation of these inequalities, one defines
two orthogonalplanes in the Poincaré sphere: ! j # f ~a 2
Sj ~a &~nj # 0g for ~nj 2 S and ~n1 &~n2 # 0. For each unit
vector ~aj 2 ! j , let us define ~a?

j # ~nj ( ~aj : the inequal-
ities are then obtained in terms of coefficients Ej !!" which
are the average over all directions ~aj of the correlation
coefficient

 C! ~aj ; ~bj " #
X

rA;rB

rArBP!rA; rBj ~aj ; ~bj " (6)

with ~bj # !cos!"~aj % !sin!"~a?
j [11]. This is a problematic

feature: such inequalities can be checked only by perform-
ing an infinite number of measurements or by adding the
assumption of rotational invariance of the correlation co-
efficients C! ~a; ~b", as in [7]. It is thus natural to try and
replace the average over all possible settings with an
average on a discrete set. This is done by the following
estimate: let ~w and ~c be two unit vectors, and let RN be
the rotation by "

N around the axis orthogonal to ( ~w, ~c); then
it holds 1

N

P N) 1
k# 0 j!Rk

N ~c" &~wj * 1
N cot "2N + uN [12]. Replac-

ing the full average by this discrete average in the other-
wise unchanged proofs [8,10], we obtain the following
family of inequalities:

 jEN
1 ! ~a1; Õ" % EN

1 ! ~a1;0"j % jEN
2 ! ~a2; Õ" % EN

2 ! ~a2;0"j

+ LN! ~a1; ~a2;Õ" , 4 ) 2uN

!!!!!!!!sin
Õ
2

!!!!!!!! (7)

where

 EN
j ! ~aj ;!" #

1
N

XN) 1

k# 0

C! ~ak
j ; ~bk

j " (8)

with ~bj # !cos!"~aj % !sin!"~a?
j and the notation ~ck #

!RN;j "k ~c (the "
N -rotation is along ~nj ). This defines 2N and

4N settings for A and B, respectively.
For a pure singlet state, the quantum mechanical pre-

diction for LN! ~a1; ~a2;Õ" is

 L" ) !Õ" # 2!1 % cosÕ" (9)

independent of N and of the choice of ~a1, ~a2 since the state
is rotationally invariant. The inequality for N # 1 cannot
be violated because u1 # 0 [13]. Already for N # 2, how-
ever, quantum physics violates the inequality; for N ! 1 ,
uN ! 2

" , and one recovers the inequality derived in
Ref. [8]. The suitable range of difference angles Õ for

probing a violation of the inequalities (7) can be identified
from Fig. 1. The largest violation for an ideal singlet state
would occur for j sinÕ

2 j # uN
4 , i.e., at Õ # 14:4- for N # 2,

increasing with N up to Õ # 18:3- for N ! 1 .
Experiment.Ñ The experiment has to focus on different

issues than when usual Bell inequalities are tested. On one
hand, here there is no concern about spacelike separation,
as the model under test is based on NLV. On the other hand,
while the violation of a Bell inequality rules out LV models
irrespective of which settings are ultimately used, the in-
equalities (7) require a precise control of the measurement
settings [14]. We begin with a traditional parametric down
conversion source [16] for polarization-entangled photon
pairs with optimized collection geometry in single mode
optical fibers [17] (Fig. 2). Light from a continuous-wave
Ar-ion laser at 351 nm is pumping a 2 mm thick barium-
beta-borate crystal, cut for type-II parametric down con-
version to degenerate wavelengths of 702 nm with a
Gaussian spectral distribution of 5 nm (FWHM). We chose
a pump power of about 40 mW to ensure both single
frequency operation of the pump laser and to avoid satu-
ration effects in the photodetectors. Collection of down-
converted light into single mode optical fibers ensures a
reasonably high polarization entanglement to begin with.
In this configuration, we observed visibilities of polariza-
tion correlations of > 98% both in the horizontal/vertical
(HV) and . 45- linear basis for polarizing filters located
before the fibers. In order to avoid a modulation of the
collection efficiency due to wedge errors in the wave
plates, we placed subsequent polarization analyzing ele-
ments behind the fiber.

The projective polarization measurements for the differ-
ent settings of the two observers were carried out using
quarter wave plates, rotated by motorized stages by re-
spective angles #1;2, and absorptive polarization filters
rotated by angles $1;2 in a similar way with an accuracy
of 0.1 - . This combination allows us to project on arbitrary
elliptical polarization states. Finally, photodetection was
done with passively quenched silicon avalanche diodes,
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FIG. 1 (color online). Dependency of the combined correlation
parameters L!Õ" as a function of the separation angle Õ for the
quantum mechanical prediction for a pure singlet state, and
bounds for nonlocal variable models assuming an averaging
over various numbers of directions N.
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測定角についての平均相関
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and photon pairs originating from a down conversion
processwere identiÞed by coincidencedetection. The
compensatorcrystals(CC) and Þber birefringencecom-
pensation(FPC)wereadjustedsuchthat we wereable to
detectphotonpairsin a singletstate.

After birefringencecompensationof the optical Þbers,
we observed the correspondingpolarizationcorrelations
betweenbotharmswith a visibility of 99:5 ! 0:2% in the
HV basis, 99:0 ! 0:2% in the ! 45" linear basis, and
98:2 ! 0:2% in the circular polarization basis. Typical
countrateswere10 100 s# 1 and8000 s# 1 for singleevents
in both arms, and about 930 s# 1 for coincidencesfor
orthogonalpolarizerpositions.Wemeasuredanaccidental
coincidencerateusinga delayeddetectorsignalof 0:41 !
0:07 s# 1, correspondingto a time window of 5 ns.

The two orthogonalplaneswe used in the Poincare«
sphereincluded all the linear polarizationsfor one, and
HV linear and circular polarizationsfor the other. That
way, we intendedto takeadvantageof thebetterpolariza-
tion correlationsin the ÔÔnaturalÕÕbasisHV for the down
conversioncrystal.Eachof the4N correlationcoefÞcients
C$~a; ~b%in (7) and(8) wasobtainedfrom four settingsof the
polarizationÞltersvia

 C$~a; ~b%&
n~a; ~b ' n# ~a;# ~b # n# ~a; ~b # n~a;# ~b

n~a; ~b ' n# ~a;# ~b ' n# ~a; ~b ' n~a;# ~b

(10)

from thefour coincidentcountsn! ~a;! ~b obtainedfor aÞxed
integrationtime of T & 4 s each.For N & 2, 3, and4, we
carried out the full genericset of 8, 12, and 16 setting

groups,respectively, with each EN
j $0%containing a HV

analyzersetting.
Themeasuredvaluesof L correspondingto inequalities

for N & 2, 3, and4 areshown in Fig. 3, togetherwith the
correspondingbounds(7) andthequantumexpectationfor
a puresingletstate(9). Thecorrespondingstandarddevia-
tions in the results were obtained through usual error
propagationassumingPoissoniancounting statisticsand
independentßuctuationson subsequentsettings.For N &
2, we alreadyobserve a clearviolation of theNLV bound;
thelargestviolationwasobtainedfor N & 4 with about17
standarddeviations above the NLV bound.As expected,
theexperimentalviolation increaseswith growing number
of averagingsettingsN. Selectedcombinationsof (N, Õ)
violating NLV boundsaresummarizedin TableI.

Ourresultsarewell-describedassumingresidualcolored
noisein the singlet statepreparation[18]. In the insetof
Fig. 3, we checkthatLexpt$Õ%& Lexpt$#Õ%asit should.If
this symmetrywould be broken,e.g.,by imprecisealign-
mentof thepolarizers,theviolationmaybeoverestimated,
whencethe importanceof consistencychecks.
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FIG. 3 (color online). Experimentalresults for the observed
correlationparametersLN (dots),the quantummechanicalpre-
diction for a puresingletstate(curved lines, dashedlines), and
the boundsfor the nonlocal variable models (almost straight
lines). In all cases,our experimentexceedstheNLV boundsfor
appropriatedifferenceanglesÕ.
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FIG. 2 (color online). Experimental setup. Polarization-
entangledphoton pairs are generatedin Barium-beta-borate
(BBO) by parametricdown conversionof light from an Ar ion
pumplaser(PL). After walk-off compensation(!=2, CC),down-
converted light is collectedbehindinterferenceÞlters(IF) into
birefringence-compensated(FPC) single mode optical Þbers
(SMF).Polarizationmeasurementsarecarriedout with a combi-
nationof a quarterwave plate(!=4) andpolarizationÞlters(PF)
in front of photon counting detectorsD1;2. The measurement
basisfor eacharm (1,2) is chosenby rotationof thewave plate
andpolarizingÞlter by angles"1;2, #1;2 accordingly.
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and photon pairs originating from a down conversion
process were identified by coincidence detection. The
compensator crystals (CC) and fiber birefringence com-
pensation (FPC) were adjusted such that we were able to
detect photon pairs in a singlet state.

After birefringence compensation of the optical fibers,
we observed the corresponding polarization correlations
between both arms with a visibility of 99:5 ! 0:2% in the
HV basis, 99:0 ! 0:2% in the ! 45" linear basis, and
98:2 ! 0:2% in the circular polarization basis. Typical
count rates were 10100 s# 1 and 8000s# 1 for single events
in both arms, and about 930 s# 1 for coincidences for
orthogonal polarizer positions. We measured an accidental
coincidence rate using a delayed detector signal of 0:41!
0:07 s# 1, corresponding to a time window of 5 ns.

The two orthogonal planes we used in the Poincaré
sphere included all the linear polarizations for one, and
HV linear and circular polarizations for the other. That
way, we intended to take advantage of the better polariza-
tion correlations in the ‘‘natural’’ basis HV for the down
conversion crystal. Each of the 4N correlation coefficients
C$~a; ~b%in (7) and (8) was obtained from four settings of the
polarization filters via

 C$~a; ~b%&
n~a; ~b ' n# ~a;# ~b # n# ~a; ~b # n~a;# ~b

n~a; ~b ' n# ~a;# ~b ' n# ~a; ~b ' n~a;# ~b

(10)

from the four coincident counts n! ~a;! ~b obtained for a fixed
integration time of T & 4 s each. For N & 2, 3, and 4, we
carried out the full generic set of 8, 12, and 16 setting

groups, respectively, with each EN
j $0%containing a HV

analyzer setting.
The measured values of L corresponding to inequalities

for N & 2, 3, and 4 are shown in Fig. 3, together with the
corresponding bounds (7) and the quantum expectation for
a pure singlet state (9). The corresponding standard devia-
tions in the results were obtained through usual error
propagation assuming Poissonian counting statistics and
independent fluctuations on subsequent settings. For N &
2, we already observe a clear violation of the NLV bound;
the largest violation was obtained for N & 4 with about 17
standard deviations above the NLV bound. As expected,
the experimental violation increases with growing number
of averaging settings N. Selected combinations of (N, Õ)
violating NLV bounds are summarized in Table I.

Our results are well-described assuming residual colored
noise in the singlet state preparation [18]. In the inset of
Fig. 3, we check that Lexpt$Õ%& Lexpt$#Õ%as it should. If
this symmetry would be broken, e.g., by imprecise align-
ment of the polarizers, the violation may be overestimated,
whence the importance of consistency checks.
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FIG. 3 (color online). Experimental results for the observed
correlation parameters LN (dots), the quantum mechanical pre-
diction for a pure singlet state (curved lines, dashed lines), and
the bounds for the nonlocal variable models (almost straight
lines). In all cases, our experiment exceeds the NLV bounds for
appropriate difference angles Õ.
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FIG. 2 (color online). Experimental setup. Polarization-
entangled photon pairs are generated in Barium-beta-borate
(BBO) by parametric down conversion of light from an Ar ion
pump laser (PL). After walk-off compensation (!=2, CC), down-
converted light is collected behind interference filters (IF) into
birefringence-compensated (FPC) single mode optical fibers
(SMF). Polarization measurements are carried out with a combi-
nation of a quarter wave plate (!=4) and polarization filters (PF)
in front of photon counting detectors D1;2. The measurement
basis for each arm (1,2) is chosen by rotation of the wave plate
and polarizing filter by angles "1;2, #1;2 accordingly.
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6.  Free Will Theorem 
- locality, realism & free will -

Conway-Kochen (2006, 2009)

測定結果の量子性（spinなど）、複数の測定結果の整合性、局所性、
完全相関性、測定結果の決定性（因果性）、及び測定者の自由意志
（非因果性）を仮定���à　論理的矛盾

上記の仮定のうち、 測定結果の決定性を否定：
すなわち、測定結果は����
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The above rules present us with an interesting puzzle: how can the source and detectors be 
constructed so as to act in conformity with these rules at all times? 
  
A useful first step in tackling this puzzle is to realize that the properties of the source particles, 
as revealed by the colors of the detector panels, are Òelements of realityÓ in the sense of 
Einstein, Podolsky and Rosen [7]. What this means is simply that these properties can be 
determined without disturbing the particles, or the detectors they interact with, in any way. 
Suppose, for example, that one wishes to determine the property of BobÕs source particles 
revealed by the panel in the first row and second column of his detector. One can do this by 
having Alice use either the setting R1 or C2 and observe the color of the same panel on her 
detector; one can then predict, from the infallibility of Rule 2, that BobÕs panel must also have 
that same color. (It should be mentioned that, in the above demonstration, matters are arranged 
so that AliceÕs and BobÕs detectors always fire within a very short interval of each other, leaving 
insufficient time for a light signal to be transmitted from one to the other; this ensures that there 
can be no disturbance of the particles/detector on one side as a result of any actions affecting 
the particles/detector on the other). It should be stressed that all nine properties of BobÕs 
particles, as revealed by the colors of his detector panels, must be elements of reality in each 
run, because there is no telling which property Bob could force to reveal itself through his choice 
of detector setting (and the revealed property must, of course, always agree with AliceÕs 
prediction of it).   
 
The above reasoning leads to the conclusion that, in any run, each of BobÕs detector panels 
must have a perfectly predetermined color. And, by exchanging the roles of Alice and Bob in the 
argument, one can conclude the same about AliceÕs panels as well. (In fact, one can go further 
and conclude, from the correlation rule, that the colors of AliceÕs and BobÕs panels must match 
each other perfectly in every run).    
 
The solution to our puzzle thus reduces to the task of finding solutions to the following problem:  
assign a definite color, red or green, to each of the nine detector panels in such a way that all 
the constraints imposed by Rule 1 (the ÒparityÓ rule) are met. However this task is easily seen to 
be impossible by asking about the total number of red panels on a detector: on the one hand, 
Rule 1 requires this number to be even (if one sums the red panels over the rows) but, on the 
other, it also requires this number to be odd (if one sums the red panels over the columns). This 
contradiction shows that there is no logical solution to our puzzle, which therefore begins to take 
on the air of a magic trick. What, not so fast, you say? Okay, letÕs listen to your explanation É 
 
Maybe you cracked the puzzle, or maybe you didnÕt. If youÕd like to read my explanation, here it 
is. 
 
3. How the trick is done 

 
When the button is pressed on the source, it emits four spin-1/2 particles (ÒqubitsÓ) in the state 
 

 ( ) ( )1 2 1 2 3 4 3 4

1 1
0 0 1 1 0 0 1 1 ,

2 2
! = + " +          (1) 

 
where 0

i
 and 1

i
 denote a pair of orthonormal basis states of qubit i ( 1,..,4).i =  Qubits 1 and 

3 of this state go to Alice, while qubits 2 and 4 go to Bob. In other words, the source emits a pair 
of Bell states, with one member of each Bell state going to Alice and the other members to Bob. ! "
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7.  Uncertainty Relation Revised  

TEST SPACE

|C(a, b) − C(a, b!)| + |C(a!, b!) + C(a!, b)| ≤ 2

C(a, b) =
∫

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1 #i v(#i )

f A (q, p) → A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 =⇒ f (v(A), v(B ), v(C), . . .) = 0

#2
i = 1 ⇒ { v(#i )} 2 = 1 ⇒ v(#i ) = ± 1

i h̄
d
dt

|$ 〉 = H |$ 〉

|$ 〉 〈$ |A|$ 〉 A H

f A → A, f B → B =⇒ f A + f B → A + B

f A → A =⇒ F (f A ) → F (A)

#(q) #(p) ≥ h̄
2

%(q) &(p) ≥ h̄
2

|$ 〉|m0〉 −→ |+〉|m+ 〉 + |−〉|m" 〉

|$ 〉 = | + z〉| − z〉 − |− z〉| + z〉 = | + x〉| − x〉 − |− x〉| + x〉

�
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TEST SPACE

|C(a, b) − C(a, b!)| + |C(a!, b!) + C(a!, b)| ≤ 2

C(a, b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1 #i v(#i)

f A(q, p) → A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 = ⇒ f (v(A), v(B ), v(C), . . .) = 0

#2
i = 1 ⇒ { v(#i)} 2 = 1 ⇒ v(#i) = ± 1

iøh
d
dt

|$ 〉 = H |$ 〉

|$ 〉 〈$ |A|$ 〉 A H

f A → A, f B → B =⇒ f A + f B → A + B

f A → A =⇒ F (f A) → F (A)

#(q) #(p) ≥ øh
2

%(q) &(p) ≥ øh
2

|$ 〉|m0〉 −→ |+ 〉|m+ 〉 + |−〉|m" 〉

|$ 〉 = | + z〉| − z〉 − |− z〉| + z〉 = | + x〉| − x〉 − |− x〉| + x〉

TEST SPACE

|C(a, b) ! C(a, b′)| + |C(a′, b′) + C(a′, b)| " 2

C(a, b) =
∫

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1 #i v(#i )

f A (q, p) # A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 = $ f (v(A), v(B ), v(C), . . .) = 0

#2
i = 1 $ { v(#i )} 2 = 1 $ v(#i ) = ± 1

iøh
d
dt

|$%= H |$%

|$% &$|A|$% A H

f A # A, f B # B =$ f A + f B # A + B

f A # A =$ F (f A ) # F (A)

#(q) #(p) '
øh
2

%(q) &(p) '
øh
2

|$%|m0% !# |+ %|m+ %+ |!%|m−%

|$%= | + z%| ! z% ! |! z%| + z%= | + x%| ! x% ! |! x%| + x%
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TEST SPACE

|C(a, b) ! C(a, b′)| + |C(a′, b′) + C(a′, b)| " 2

C(a, b) =
∫

dλ ρ(λ)A(a,λ) B(b,λ)

A(a,λ) = ± 1 B(b,λ) = ± 1 σi v(σi )

fA (q, p) # A A,B,C, . . . v(A), v(B), v(C), . . .

f(A,B,C, . . .) = 0 =$ f(v(A), v(B), v(C), . . .) = 0

σ2
i = 1 $ { v(σi )} 2 = 1 $ v(σi ) = ± 1

ih̄
d

dt
|ψ%= H |ψ%

|ψ% &ψ|A|ψ% A H

fA # A, fB # B =$ fA + fB # A + B

fA # A =$ F (fA ) # F (A)

σ(q) σ(p) '
h̄

2
ε(q) η(p) '

h̄

2

|ψ%|m0% !# |+%|m+%+ |!%|m−%

|ψ%= | + z%| ! z% ! |! z%| + z%= | + x%| ! x% ! |! x%| + x%

TEST SPACE

|C(a, b) − C(a, b′)| + |C(a′, b′) + C(a′, b)| ≤ 2

C(a, b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1 #i v(#i )

f A (q, p) → A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 =⇒ f (v(A), v(B ), v(C), . . .) = 0

#2
i = 1 ⇒ { v(#i )} 2 = 1 ⇒ v(#i ) = ± 1

i h̄
d
dt

|$ 〉 = H |$ 〉

|$ 〉 〈$ |A|$ 〉 A H

f A → A, f B → B =⇒ f A + f B → A + B

f A → A =⇒ F (f A ) → F (A)

#(q) #(p) ≥ h̄
2

%(q) &(p) ≥ h̄
2

|$ 〉|m0〉 −→ |+〉|m+〉 + |−〉|m−〉

|$ 〉 = | + z〉| − z〉 − |− z〉| + z〉 = | + x〉| − x〉 − |− x〉| + x〉


ª	j� �) �¢ standard deviation�£
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TEST SPACE

|C(a, b) − C(a, b!)| + |C(a!, b!) + C(a!, b)| ≤ 2

C(a, b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1 #i v(#i)

f A(q, p) → A A, B, C, . . . v (A), v(B ), v(C), . . .
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#2
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|$ 〉 〈$ |A|$ 〉 A H

f A → A, f B → B =⇒ f A + f B → A + B

f A → A =⇒ F (f A) → F (A)

#(q) #(p) ≥ øh
2

%(q) &(p) ≥ øh
2

|$ 〉|m0〉 −→ |+ 〉|m+ 〉 + |−〉|m" 〉

|$ 〉 = | + z〉| − z〉 − |− z〉| + z〉 = | + x〉| − x〉 − |− x〉| + x〉

TEST SPACE

|C(a, b) ! C(a, b′)| + |C(a′, b′) + C(a′, b)| " 2

C(a, b) =
∫

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1 #i v(#i )

f A (q, p) # A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 = $ f (v(A), v(B ), v(C), . . .) = 0

#2
i = 1 $ { v(#i )} 2 = 1 $ v(#i ) = ± 1

iøh
d
dt

|$%= H |$%

|$% &$|A|$% A H

f A # A, f B # B =$ f A + f B # A + B

f A # A =$ F (f A ) # F (A)

#(q) #(p) '
øh
2

%(q) &(p) '
øh
2

|$%|m0% !# |+ %|m+ %+ |!%|m−%

|$%= | + z%| ! z% ! |! z%| + z%= | + x%| ! x% ! |! x%| + x%

�¡�) �¢ noise�£

	Ù�Z �¢ disturbance�£

�°
`�$�t
R�q

TEST SPACE

|C(a, b) − C(a, b′)| + |C(a′, b′) + C(a′, b)| ≤ 2

C(a, b) =
!

d! " (! ) A(a, ! ) B (b,! )

A(a, ! ) = ± 1 B (b,! ) = ± 1 #i v(#i )

f A (q, p) → A A, B, C, . . . v (A), v(B ), v(C), . . .

f (A, B, C, . . . ) = 0 =⇒ f (v(A), v(B ), v(C), . . .) = 0

#2
i = 1 ⇒ { v(#i )} 2 = 1 ⇒ v(#i ) = ± 1

i h̄
d
dt

|$ 〉 = H |$ 〉

|$ 〉 〈$ |A|$ 〉 A H

f A → A, f B → B =⇒ f A + f B → A + B

f A → A =⇒ F (f A ) → F (A)

#(q) #(p) ≥ h̄
2

%(q) &(p) ≥ h̄
2

|$ 〉|m0〉 −→ |+〉|m+〉 + |−〉|m−〉

|$ 〉 = | + z〉| − z〉 − |− z〉| + z〉 = | + x〉| − x〉 − |− x〉| + x〉


ª	j� �) �¢ standard deviation�£

TEST SPACE

|C(a, b) ! C(a, b! )| + |C(a! , b! ) + C(a! , b)| " 2

C(a, b) =
∫

d! " (! ) A(a, ! ) B(b, ! )

A(a, ! ) = ±1 B(b, ! ) = ±1 #i v(#i)

fA(q, p) # A A,B,C, . . . v(A), v(B), v(C), . . .

f (A,B,C, . . .) = 0 = $ f (v(A), v(B), v(C), . . .) = 0

#2
i = 1 $ {v(#i)}2 = 1 $ v(#i) = ±1

iøh
d

dt
|$%= H|$%

|$% &$ |A|$% A H

fA # A, fB # B =$ fA + fB # A + B

fA # A =$ F (fA) # F (A)

#(q) #(p) '
øh
2

%(q) &(p) '
øh
2

%(q) &(p) + #(q) &(p) + %(q) #(p) '
øh
2

|$%|m0% !# |+ %|m+%+ |!%|m" %

|$%= | + z%| ! z% ! |! z%| + z%= | + x%| ! x% ! |! x%| + x%

! ��Heisenberg の不確定性関係を一般に成立するように拡張

! ��Heisenberg の不確定性関係に基づく測定の限界（Standard Quantum Limit）

 の見直し （重力波干渉実験の測定限界）



8.  QM in Macroscopic Regime  
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最重量：fluorinated fullerene 

(1632 amu)

Hackermüller et al. (2003)

最大：azobenzene molecule 

Gerlich et al. (2007)



���£ QM�w�Ú�«�é�v�„�x�K�”�T�•
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macroscopic realism vs QM

局所性とマクロ性の入れ替え：Bell 不等式と類似
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Leggett-Garg 不等式 (1985) に基づく系統的な検証方法

macroscopic realism vs QM

局所性とマクロ性の入れ替え：Bell 不等式と類似
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量子状態を戦略とするゲーム理論 
古典ゲームのディレンマの解消
対古典戦略への優位性など

 (1999 - today)
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9.  Summary  
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