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Abstract

In this article, we discuss the Fine computability and the effective Fine con-
vergence for functions on [0, 1) with respect to the Fine metric as the beginning
of the effective Walsh-Fourier analysis. First we treat classically the Fine con-
tinuity and the Fine convergence. Next, we prove that Fine computability does
not depend on the choice of an effective separating set. Subsequently, we pro-
pose a notion of effective Fine convergence for a sequence of functions. We prove
that the limit of an effectively Fine continuous sequence of functions and the
limit of a Fine computable sequence of functions under this effective Fine con-
vergence is effectively Fine continuous and Fine computable respectively. We
also investigate some properties of Fine computable functions through examples.
Especially, we extend the result of Brattka, which asserts the existence of a Fine
computable but not locally uniformly Fine continuous function. Finally, we treat
other examples of Fine computable functions.

Key Words: Fine metric, dyadic interval, Fine continuous function, Fine com-
putable function, effective Fine convergence, continuous convergence

1 Introduction

Piecewise constant functions on the real line have become interesting and important
objects in applications of mathematics to information technology. For example, the
Walsh-Fourier series as well as the Haar wavelet plays an important role in digital
processing. These applications are based on approximation of given data by a finite
linear combination of Walsh functions or of Haar wavelets up to some order.
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Piecewise constant functions have inevitably discontinuity of the first kind with
respect to the Euclidean topology. For such functions, the values at discontinuous
points are often replaced by the corresponding right limits. Let D be the class consisting
of all functions on [0, 1] which are right-continuous and have left limits. It is well known
that D is not separable with respect to the supremum norm, that D is separable with
respect to the Skorohod metric and that D is complete and separable with respect to a
certain metric which is equivalent to the Skorohod metric ([1, 14]). Unfortunately, the
definitions of the above two metrices are complicated, and it does not seem feasible to
treat them effectively.

On the other hand, in some applications, it is sufficient to deal with those functions
which have discontinuities only at dyadic rationals. This is related to the fact that we
can treat only dyadic rationals in the course of calculations using digital computers.

Fine introduced the Fine metric on the unit interval or on the nonnegative real
line and initiated the theory of Walsh-Fourier analysis by proving some fundamental
theorems ([6, 7, 8, 17]). He defined the Fine metric between two real numbers as the
weighted sum of differences of corresponding bits in their binary representations with
infinitely many 0’s. Many topological properties concerning the Fine metric are derived
from the property that a dyadic interval, that is, an interval [a, b) with dyadic rationals
a and b, is open and closed (clopen) with respect to the Fine metric. The topology
generated by the set of all dyadic intervals is equivalent to that induced by the Fine
metric. The point 1 is an isolated point with this topology in the unit interval [0, 1].
Therefore, we treat [0, 1) with the above topology and call this space the Fine space.

In this article, we first consider various notions of continuity and the corresponding
notions of convergence for functions on the Fine space. We use the term “function” as
a mapping from some space to the real line R with the ordinary Euclidean topology.
Subsequently, we treat the corresponding notions of computability. In order to specify
the topological properties with respect to the Fine metric, we prefix “Fine” in front of
the relevant terms. For example, the convergence of a sequence in [0, 1) with respect
to the Fine metric is called Fine convergence. Topological notions with no prefix or
with the prefix “E-” will mean the notions with respect to the Euclidean metric.

In classical analysis, we usually define some suitable notion of convergence for a
function sequence in a space. It is a fundamental problem if the space is closed under
the convergence. It is well known that, if a sequence of uniformly continuous functions
converges uniformly to f, then f is also uniformly continuous. On the bounded closed
interval, it also holds a function is uniformly continuous if and only if it can be ap-
proximated uniformly by a sequence of polynomials. In the measure theory, a function
is measurable if and only if it can be approximated in measure by a sequence of step
functions.

Since the Fine space is not complete, uniform Fine continuity and locally uniform
Fine continuity are different. Let Cr be the set of all Fine continuous functions. It
is well known that a function belongs to Cr if and only if it is E-continuous at every



dyadic irrational and right E-continuous at every dyadic rational ([6, 17]). Moreover,
a function in Cpg is uniformly Fine continuous if and only if it has a left limit at

every dyadic rational. So, a Fine continuous function may diverge. For example,
3
Xa denotes the indicator (characteristic) function of the set A. Brattka proved the
existence of a Fine computable function, hence Fine continuous, which is not locally

flz) = ﬁX[o, 1 )(x) is locally uniformly Fine continuous and diverges at =, where

uniformly Fine continuous.

In the theory of Walsh-Fourier series, it is well known that Walsh functions are
uniformly Fine continuous and form a complete orthogonal system in L%([0,1)). In
the applications, we need to calculate Walsh-Fourier coefficients. Many attempts have
been made to obtain an algorithm to calculate them fast. Computability theory of
Walsh-Fourier series has thus become a significant subject. For this purpose, we must
first formulate the notion of computability of a function on the Fine space and that of
effective convergence for a sequence of functions.

As for the effective theory of the Walsh-Fourier analysis, we have proved in [11]
that the Walsh-Fourier coefficients of a uniformly Fine computable function form an
E-computable sequence of reals, and have extended this result to the case of locally
uniformly Fine computable functions in [10]. We have also proved in [12] the effective
Riemann Lebesgue theorem, which asserts that the Walsh-Fourier coefficients of a
locally uniformly Fine computable function E-converges effectively to zero.

In order to extend the above theorems to a more general class of functions, we
investigate Fine computable functions and the effective Fine convergence in this article.
For this extension, we first need an approximation theorem which asserts that, for a
Fine computable function f, we can obtain an approximating computable sequence of
dyadic step functions which Fine converges effectively to f. To complete the extension
theory, we need furthermore effectivization of integration theory. We will treat it in a
sequel.

In Section 2, we first review briefly the Fine metric and Fine convergence. We
define weakly locally uniform Fine convergence (Definition 2.3) and the Fine conver-
gence (Definition 2.4) and prove their equivalence (Proposition 2.2). Either is stronger
than the pointwise convergence and weaker than the locally uniform Fine convergence.
They preserve Fine continuity (Proposition 2.4). Their relation to the continuous con-
vergence is also discussed.

Section 3 is devoted to preliminaries to computabilities on the Fine space.

In Section 4, we define Fine computable sequences of functions (Definition 4.1). In
this definition, effective Fine continuity depends on the choice of an effective separating
set. We prove that the notion of effective Fine continuity of functions does not depend
on the choice of an effective separating set (Theorem 3).

In Section 5, we introduce the effective Fine convergence of functions (Definition
5.1). We prove that the limit of an effectively Fine continuous sequence of functions
under this effective Fine convergence is also effectively Fine continuous (Theorem 7)



and that the effective Fine limit of a Fine computable sequence of functions is Fine
computable (Theorem 8). We also define the notion of a computable sequence of dyadic
step functions and prove that a function f is Fine computable if and only if there exists
a computable sequence of dyadic step functions which Fine converges effectively to f
(Theorem 9).

In Section 6, we treat the example of Brattka, which is Fine computable but not
locally uniformly Fine continuous. We prove that his example satisfies a recursive
functional equation, which is related to self-similarity. We modify this equation and
obtain other examples (Theorems 12 and 13).

2 Fine metric and Fine convergence

The Fine metric dp on [0,1) is defined as follows: Put Q = {0, 1}, where Nt =
N\{0} = {1,2,...}. Let Qg be the set of all elements of 2 with infinitely many
zeros. We first define pu(x) to be the binary representation of z € [0,1), under the
restriction that it has infinitely many zeros. For z,y € [0,1), let u(x) = o109+ and
p(y) = 779+ - -. Then, the Fine metric dp(z,y) is defined by

[e.9]

dr(z,y) = |ow —ml27". (1)

k=1

The following properties of the Fine metric is well known.

Lemma 2.1 (i) dp(z,y) < 27" implies that the first n bits of p(x) and pu(y) coincide.
(ii) If the first n bits of u(x) and u(y) coincide, then dp(x,y) < 271,
(iii) For a dyadic rational r, dp(r,y) < 27" is equivalent to the coincidence of the
first n bits of p(r) and p(y).

The Fine space is totally bounded. However, it is not complete, since, for any
dyadic rational r, the sequence {r —27"} is a Fine Cauchy sequence but does not Fine
converge.

A left-closed right-open interval with dyadic rational end points is called a dyadic
interval. It is easy to see that a dyadic interval is open and closed with respect to the
Fine metric. This property corresponds to prohibition of left convergence to dyadic
rationals and makes some E-discontinuous functions Fine continuous. It also induces
the existence of a finite open disjoint covering of [0,1), where the maximum of the
diameters of the open sets in the covering is arbitrarily small.

We use the following notations for special dyadic intervals.

I(n, k) =[k27", (k+1)27), 0 < k < 2" — 1,
J(z,n) = such I(n, k) that includes z.



Since the intervals {I(n,k)}x are disjoint and U 'I(n,k) = [0,1), J(z,n) is
uniquely determined for each n and =x.

We call I(n,k) a fundamental dyadic interval (of level n) and J(z,n) a dyadic
neighborhood of x (of level n). It is obvious that I(n,k) = {z|dp(z,k27") < 27"}
holds. We state a simple property for later use.

Lemma 2.2 The following three are equivalent for any x,y € [0,1) and any positive
integer n.

(i) ye J(z,n).

(i) = e J(y,n).

(iii) J(z,n) = J(y,n).

It is obvious that the sequence {J(z,n)}, forms a fundamental system of neighbor-
hoods of x and the set of all fundamental dyadic intervals becomes an open base for the
topology introduced by the Fine metric. If we define V,,(z) = J(x,n), then it is easy
to show that {V/,} satisfies the axioms of an effective uniform topology ([18] Definition
3.1). It holds that J(z,n+1) C {y|dr(x,y) < 27"}. So the topology induced by {V,,}
is equivalent to that induced by the Fine metric.

In the rest of this section, we discuss classical notions of continuity and convergence
with respect to the Fine metric.

We remark that most of the arguments below can be carried over to more general
topological spaces. Although, we need separability and a countable fundamental system
of neighborhoods for Definition 2.2 below. We can define the notions of continuity,
locally uniform continuity and uniform continuity for functions on topological spaces
in general.

The continuity on the Fine space can be formulated as follows.

Definition 2.1 (t-Fine continuity) A function f is said to be t-Fine continuous if
for each k and x there exists an integer N(k,x) such that

y € J(z, N(k,z)) implies |f(y) — f(x)] < 27%.

For a classical theory on the Fine space, the above definition is sufficient. For the
sake of effectivization, we define the following Fine continuity using an enumeration of
all dyadic rationals {e;}. We remark that, we can select a sequence of dyadic rationals
which Fine converges to x for each z € [0, 1), and that we can select an e; such that
x € J(e;,n) or e; € J(x,n) for each x and n.

Definition 2.2 (Fine continuity) A function f is said to be Fine continuous if for
each k and i there exists an integer N(k,1) such that

(a) =€ J(e;, N(k,i)) implies |f(x) — f(e:)| < 27",

(b) U; J(ei, N(k,7)) = [0,1).

Proposition 2.1 The t-Fine continuity and the Fine continuity are equivalent.
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Proof. Suppose first that f is Fine continuous with respect to No(k, 7). Then, by
(b), for each k and z, there exists an i such that = € J(e;, No(k + 1,i)). Define, for
such an i, Ny(k,z) = No(k + 1,4). Recall that J(e;, No(k + 1,4)) = J(x, Na(k + 1,1))
holds. If

y € J(x, Ny(k,z)) = J(x, No(k + 1,17)),

then y € J(e;, Na(k + 1,4)). Since x € J(e;, No(k + 1,4)), by (a) for 2 and y, it follows

[f(y) = F@) <If(y) = flen)| + [ f(2) = flen)] < 27D 270D =278,

So, f is t-Fine continuous with respect to Ny (k, z).

Conversely, assume that f is t-Fine continuous with respect to N;(k, z). Define
Ny(k,i) = min{Ny(k+ 1,2)|e; € J(z, Ni(k+ 1,2)),z € [0,1)}.

Notice that the minimum is attained by some z. For such a z, No(k,i) = Ny(k+ 1, 2).
Now suppose x € J(e;, Na(k,i)) = J(e;, Ni(k+1, z)). Notice that J(e;, N1(k+1,2)) =
J(z,Ni(k +1,2)). Then z € J(z,N1(k+1,2)) and ¢; € J(z,N1(k + 1, z)). So, using
the Fine continuity twice, we have,

() = Fledl < 1) = FE+ 1£(2) = Fle)] < 27640 4 27D = 97k,

This proves (a)

Notice next that, for each k and x, there is an e; such that e; € Jy(x, Ny(k+ 1, 2)).
Take a z as above. Then, since Ny(k+1,2) < Ny(k+ 1, ),

x € J(e;, Ni(k+1,2)) C J(e;, N1(k+1,2))

and

x € J(x,Ni(k+1,2)) C J(z, Ni(k+1,2)) = J(e;, No(k,1)).
Hence, we obtain = € J(e;, No(k,4)). This proves (b). [

Remark 2.1 We can also define the Fine continuity with respect to any separating
set (a countable dense subset) {s;}, by replacing {e;} by {s;}. The above proof is valid
also for this modification. From this fact, we can deduce that the Fine continuity does
not depend on the choice of a separating set.

The uniform convergence and the locally uniform convergence are fundamental
concepts of the calculus. It is well known that the limit of a sequence of uniformly
continuous functions under the uniform convergence is uniformly continuous and that
the limit of a sequence of locally uniformly continuous functions under the locally
uniform convergence is locally uniformly continuous.

We give a simple example of the Fine continuous function. A dyadic step function
is defined to be a finite linear combination of indicator functions of dyadic intervals.
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By definition, a function f is a dyadic step function if and only if there exists a positive
integer n such that f is constant on each fundamental dyadic interval I(n,j), 0 < j <
2", Therefore, a dyadic step function is uniformly Fine continuous.

It is easy to prove that a function f is uniformly Fine continuous if and only if there
exists a sequence of dyadic step functions which converges uniformly to f and that f is
locally uniformly Fine continuous if and only if there exists a sequence of dyadic step
functions which Fine converges locally uniformly to f. An approximating sequence of
f by dyadic step functions is given by

2" —1

pn(T) = Z FGU27") X1 (). (2)

The example of Brattka, which we treat in Section 6, is Fine continuous but not
locally uniformly Fine continuous. Therefore, we need a weaker notion of convergence
of functions in order to approximate a Fine continuous function by a sequence of
dyadic step functions. By weakening the locally uniform Fine convergence, we obtain
the following two notions of convergence.

Definition 2.3 (Weakly locally uniform Fine convergence) A sequence of functions
{fn} is said to Fine converge weakly locally uniformly to f if, for each k and z, there
exist integers N(k,x) and M (k,x) such that

y € J(z,N(k,z)) and n > M(k,z) imply |f.(y) — f(y)| < 27%.

Let us remark that we obtain the locally uniform Fine convergence from Definition
2.3 if N(k,z) does not depend on k. We also define the following convergence, for the
sake of effectivization, similarly to Definition 2.2.

Definition 2.4 (Fine convergence) A sequence of functions {f,} is said to Fine
converge to f if, for each k and i, there exist integers N(k,i) and M (k,i) such that
(a) x € J(e;, N(k,i)) and n > M(k,i) imply | f.(x) — f(z)] < 27F,
(b) Ui, J(ei, N(k,1)) = [0,1) for each k.

Similarly to Proposition 2.1, we can prove the following proposition.

Proposition 2.2 The weakly locally uniform Fine convergence and the Fine conver-
gence are equivalent.

For a sequence of Fine continuous functions, we obtain the following proposition.

Proposition 2.3 If a sequence of t-Fine continuous functions Fine converges weakly
locally uniformly to f, then f is also t-Fine continuous.



Proof.  Let {f,} be a sequence of Fine continuous functions with respect to
Ni(n, k,z) and suppose that it converges weakly locally uniformly to f with respect to
Ny(k,x) and M(k,x). Define N(k,x) = max{Ny(k+2,2), Ny(M(k+2,2),k+2,2))}.
Then y € J(z, N(k,x)) implies

|f(y) — f(2)]
< f(Y) = fuer2) )]+ g2 (Y) — fugre) (@) + | gz (@) — f(2)]
< 327D <97k, i

From Proposition 2.1, Proposition 2.2 and Proposition 2.3, we obtain the following
proposition.

Proposition 2.4 If a sequence of Fine continuous functions Fine converges to f, then
f is also Fine continuous.

We also obtain the following proposition.

Proposition 2.5 A function f is Fine continuous if and only if there exists a sequence
of dyadic step functions which Fine converges to f or, equivalently, weakly locally uni-
formly Fine converges to f.

The weakly locally uniform convergence reminds us of the continuous convergence.
According to Binz ([2]), the continuous convergence is equivalent to the compact uni-
form convergence in the case of locally compact topological spaces. In [4], it is pointed
out that metrizable c=lu spaces are locally compact, where ¢ means continuous con-
vergence and [u means locally uniform convergence. Accordingly, the continuous con-
vergence and the locally uniform convergence do not coincide on the Fine space.

Schroder ([16]) investigated the notion of continuous convergence of a function
sequence in relation to the admissible representation of the space of all continuous
functions and to the sequentialization of the compact uniform topology. In general,
continuous convergence is defined to be the coarsest convergence structure on the space
of continuous functions which makes the evaluation map (f,z) — f(x) continuous. We
discuss briefly continuous convergence following the definition in [16].

Definition 2.5 (Continuous Fine Convergence) {f,} is said to Fine converge con-
tinuously to f if {fu(xn)} E-converges to f(x) for every sequence {x,} which Fine
converges to x.

As stated in Introduction, E-convergence means the convergence with respect to
the Euclidean topology.

Remark 2.2 The continuous Fine convergence is equivalent to the following.
For each k and x there exist integers N(k,x) and M (k,z) which satisfy that y €
J(x, N(k,z)) and n > M(k,z) imply |f.(y) — f(z)] < 27*.
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The proposition below follows.

Proposition 2.6 If a sequence of Fine continuous functions {f,} Fine converges
continuously to f, then f is Fine continuous.

Proof.  Let us assume that a sequence {x,,} Fine converges to z. For each m,
{fn(xm)}n E-converges to f(z,,) by virtue of continuous convergence. So, we can choose
a strictly increasing sequence of positive integers {n,,} such that |f,, (z,) — f(zm)] <
27 If we define y, = z,, if n = n,, for some m and = z otherwise, then {y,}
Fine converges to z. From the continuous convergence, {f,(y,)} E-converges to f(x).
Hence, the subsequence {f, (z,)} E-converges to f(z). From the above inequality,

{f(zmn)} also E-converges to f(z). i

It seems to be difficult to discuss the relation between the continuous Fine con-
vergence and the weakly locally uniform Fine convergence in a general setting. Let
us assume that a sequence of Fine continuous functions converges under one of them.
Then, from the last two propositions, the limit function is Fine continuous. So, we can
obtain the other convergence by changing N (k,x) in a suitable manner, using the Fine
continuity of the limit function.

Proposition 2.7 For a sequence of Fine continuous functions, the weakly locally
uniform Fine convergence and the continuous Fine convergence are equivalent.

3 Preliminaries on computability

A sequence of rationals {r,} is called recursive if there exist recursive functions «(n),
B(n)

B(n) and ~y(n) which satisfy r, = (—1)7(”)Wz). We will subsequently treat the com-
putability of sequences from the Fine space and the computability of functions on the
Fine space. So, we assume that a number = or a sequence {z,} is in [0,1) unless
otherwise stated.

A double sequence {z,,,} is said to Fine converge effectively to a sequence {x,} if
there exists a recursive function «(n, k) such that z,,,, € J(z,, k) for all n,k and all
m = a(n, k).

A sequence {z,} is said to be Fine computable if there exists a recursive double se-
quence of rationals {r, ,, }, which Fine converges effectively to {z,}. For this definition,
it is sufficient to take a recursive sequence of dyadic rationals instead of a recursive
sequence of rationals in general. A single element z is called Fine computable if the
sequence {z,z,x,...} is Fine computable. The definition of Fine computability can be
extended to multiple sequences in an obvious manner.

A Fine computable sequence which is dense in [0, 1) is called an effective separating
set.

If we use the Euclidean metric instead of the Fine metric in the above, then we

obtain the usual notion of computability on the real line. We call this computability



E-computability. Notice that a single real number is E-computable if and only if it is
Fine computable, and that a Fine computable sequence of real numbers is also an E-
computable sequence ([3, 11, 23]). But the converse of the latter does not hold. It also
holds that a recursive sequence of rationals is Fine computable, while an E-computable
sequence of rationals is not necessarily Fine computable ([3, 11]).

In the subsequent sections, we treat computability and effective convergence of real
valued functions on the Fine space. In the scheme of Pour-El and Richards ([15])
for computable analysis, computability of a real function is formulated in terms of
two properties: (i) Sequential computability and (ii) Effective continuity. (i) claims
that computable sequences are mapped to computable sequences by the function, and
(ii) claims that the function has a recursive modulus of continuity. They used the
effective uniform continuity for functions on bounded closed intervals and the effectively
compact uniform continuity for functions on the real line. In the representation based
approach developed by Weihrauch ([19]), continuity is also a necessary condition for
the computability of functions.

There have been several approaches to weaker notions of computable functions in
order to make some simple E-discontinuous functions computable. We quote only some
recent works, which are closely related to this article: [3, 11, 12, 18, 23, 20, 24]. In
the last two, the computability on the range is weakened by replacing the recursive
modulus of convergence with the limitting recursive one in the definition of computable
sequences of reals. Another method is that the topology on the domain of definition is
replaced by the Fine metric, which is stronger than the Euclidean metric: [3, 11, 12].
The latter approach is generalized to the computability with respect to an effective
uniformity in [18, 23]. Various examples of effective uniformities, which make other
types of discontinuous functions computable, are listed in [23].

The uniform Fine computability of a function is introduced in [11]. The locally
uniform Fine computability is treated in [12] together with the effective locally uni-
form Fine convergence. A similar but slightly different notion of computability is also
introduced in [18] for functions on a space with an effective uniform topology.

In this section, we review the above two definitions of computability for functions
on the Fine space, together with the corresponding effective convergence. Another will
be introduced in the next section. For this purpose, we take a recursive enumeration of
all dyadic rationals in [0, 1), denoted by {e;}, as an effective separating set and use it
through this article. An effective separating set is defined to be a computable sequence
which is a dense subset.

Roughly speaking, we define the effective Fine continuity and the effective Fine
convergence by requiring that N(k,i) and M (k,) in Definition 2.2 and Definition 2.4
are recursive functions.

Definition 3.1 (Uniformly Fine computable sequence of functions [11]) A sequence
of functions {f,} is said to be uniformly Fine computable if (i) and (ii) below hold.
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(i) (Sequential Fine computability) The double sequence { f,(x.,)} is E-computable
for any Fine computable sequence {x,}.

(ii) (Effectively uniform Fine continuity) There exists a recursive function a(n, k)
such that, for all n,k and all x,y € [0,1), y € J(z,a(n, k)) implies |f.(z) — fo(y)| <
27k,

The uniform Fine computability of a single function f is defined by that of the

sequence {f, f,...}.
Notice that the computability of the sequence {f,(z,)} in (i) is E-computability.

Definition 3.2 (Effectively uniform convergence of functions [11]). A sequence of
functions {f,} is said to converge effectively uniformly to a function f if there ezists
a recursive function a(k) such that, for all n and k,

n > a(k) implies |f.(z) — f(z)| <27% for all x.

Closedness of the space of uniformly Fine computable functions under the effec-
tively uniform convergence is claimed in ([12]). The proof is similar to that of the
corresponding theorem in [15].

Theorem 1 If a uniformly Fine computable sequence of functions {f,} converges
effectively uniformly to a function f, then f is also uniformly Fine computable.

Definition 3.3 (Locally uniformly Fine computable sequence of functions, [10]) A se-
quence of functions { f,} is said to be locally uniformly Fine computable if the following
(i) and (ii) hold.

(1) {f.} is sequentially Fine computable.

(ii) (Effectively locally uniform Fine continuity) There exist recursive functions
a(n, k,i) and $(n,1) which satisfy the following (ii-a) and (ii-b).

(ii-a) For all i, n and k, |fo(x) — fu(y)| < 27% if 2,y € J(e;, B(n,i)) and y €
J(x,a(n, k,1)).

(ii-b) U2, J(es, B(n,i)) =10,1) for each n.

It is proved in Example 4.1 of [10] that the function f defined by f(z) = = if
x < % and = 0 if x > % is locally uniformly Fine computable but not uniformly Fine
continuous, since it diverges at %

A weakened notion of effective convergence is defined as follows.

Definition 3.4 (Effectively locally uniform Fine convergence, [10]). A sequence of
functions {f,} is said to Fine converge effectively locally uniformly to a function f if
there exist a recursive function v(i) and a recursive function §(k,i) such that

(a) |fu(z) = f(x)] < 27% for x € J(e;,v(i)) and n > 6(k, 1),

(b) Uz J(ei,7(2)) = [0,1).

11



Theorem 2 ([10]) If a locally uniformly Fine computable sequence of functions { f,}
Fine converges effectively locally uniformly to f, then f is locally uniformly Fine com-
putable.

Theorem 2 can be proved similarly to the proof of Theorem 8 in Section 4.

Remark 3.1 The above two definitions of computable functions can be carried over
to an effectively separable metric space with a computability structure or to a space
with effective uniformity. The latter case is treated in [18].

4 Fine computable functions

The notion of the Fine computable functions is introduced as that of (pg, pg)-computable
functions by Brattka ([3]) for a single function. Here, pg is an admissible standard rep-
resentation of the real numbers with respect to the Euclidean metric and ppg is the
Fine representation (cf. [3, 19]), that is, the inverse of pu. He proved that (pr, pg)-
computability is equivalent to the following Fine computability. We extend Brattka’s
definition to that of a function sequence, and prove a theorem similar to Theorem 2.

Recall that {e;} is a recursive enumeration of all dyadic rationals in [0, 1) and notice
that it is an effective separating set.

Definition 4.1 (Fine computable sequence of functions) A sequence of functions { f,, }
is said to be Fine computable if it satisfies the following.

(i) {f.} is sequentially Fine computable.

(ii) (Effective Fine Continuity) There exists a recursive function a(n,k,i) such
that

(ii-a) z € J(e;, a(n, k,1)) implies | f(x) — fule;)| < 27F,

(ii-b) U2, J(es, a(n, k,i)) = [0,1) for each n, k.

The Fine computability of a single function f is defined by replacing «(n,k,1)
with «(k,7). It is equivalent to saying that the sequence {f, f,...} is computable.
Effective Fine continuity is the “effectivization” of Fine continuity, that is, we require
that N(k,7) in Definition 2.2 is a recursive function,

Brattka ([3]) proved the existence of a Fine computable (hence Fine continuous)
function which is not locally uniformly Fine continuous. We extend his result in Section
6. It appears to be easy to prove that effectively locally uniform Fine continuity implies
effective Fine continuity, but liduka has pointed out that the proof is not trivial. He
proved this property in a more general setting ([9]).

Definition 4.2 (Effective Fine continuity with respect to {r;}) If the requirement
(ii) in Definition 4.1 holds for a Fine computable sequence {r;} instead of {e;}, we say
that f is effectively Fine continuous with respect to {r;}.

12



In [18], we proposed a slightly different notion of computability of functions on an
effective uniform topological space, that is, we required the sequential computability,
the effective continuity with respect to some effective separating set and the relative
computability. On the Fine space, we can prove that the effective Fine continuity of a
function sequence does not depend on the choice of an effective separating set.

Theorem 3 If f is effectively Fine continuous with respect to an effective separating
set {r;}, then f is effectively Fine continuous with respect to any effective separating

set {t;}.

For the proof of this theorem, we prepare some elementary properties concerning
dyadic intervals. Classically, they are self-evident. We will explain how some of classical
proofs can be effectivized. We say that a sequence of dyadic intervals I; = [a;, b))
(a; < b;) is an effective dyadic covering of a dyadic interval I if {a;} and {b;} are
recursive sequences of dyadic rationals, each I; is a subinterval of I and U;[; = 1.

Lemma 4.1 The following hold.

(i) Let I be a dyadic interval, that is, I = [i27™,j27") for some positive integers
1,7,m and n, and let x be Fine computable. Then, we can decide effectively whether
xelorxé¢l.

(ii) Let I and J be dyadic intervals. Then, we can decide effectively whether
INJ=¢ or not, and whether I C J or not.

(i) Let {s;} be an effective separating set. Then for any n and k, we can find
effectively an i such that s; € I(n, k), that is , there is a recursive function of n and k
which computes i. In this case, I(n,k) = J(s;,n).

(iv) Let {I;} be an effective dyadic covering of [0,1) and let {x,} be Fine com-
putable. Then we can select effectively some j = j(n) such that x,, € I;.

(v) If a dyadic interval [a,b) is not a fundamental dyadic interval, then we can
decompose it effectively into finitely many disjoint fundamental dyadic intervals.

From the condition (ii-b) in Definition 4.1, it follows that the set of dyadic neigh-
borhoods {J(e;, a(n, k,i))}; is an effective dyadic covering of [0, 1) for each n, k.
For a covering consisting of dyadic intervals, the following lemma holds.

Lemma 4.2 Let {J,} be an effective dyadic covering of a dyadic interval I. Then,
we can construct an effective dyadic covering {I,} of I, which satisfies the following
conditions.

(i) Fach I, is a fundamental dyadic interval.

(ii) 1, is a subinterval of J, for some p.

(iii) I,’s are disjoint.

Proof. Let us first note that we can perform the following (a) and (b) effectively
by using Lemma 4.1:

13



(a) The complement of a dyadic interval, say [a,b)€, is equal to [0,a) U [b,1).
(b) The complement of a finite union of dyadic intervals (U™, [a;, b;)) ¢ = N, [a;, b;) €
can be represented by a finite disjoint union of fundamental dyadic intervals.

We only explain the construction of {I,} according to a routine procedure in mea-
sure theory. The construction itself will explain that the whole procedure can be done
effectively.

First, J; is a dyadic interval by definition. So, we can decompose it into finitely
many disjoint fundamental dyadic intervals, say, I1,..., I, by Lemma 4.1 (v).

Second, consider (JoN(J1)€) = (J2N(UpL,1,)€). Tt is a finite disjoint union of dyadic
intervals by (b) just above. So, we decompose them and obtain a finite sequence of
fundamental dyadic intervals I, 41, ..., I;,+r,, the union of which is (Jo N (J;)€).

Next, try the same for (J5 N (J1 U J3)€) = (Js N (UJE™1,)€), and so on. If we
continue the above process, we obtain {I,}, which is the desired sequence.

The construction above suggests the following: if J, = J(r,, a(p)) for some recursive
function «a(p) and a recursive sequence of dyadic rationals {r,}, then we can obtain
recursive functions 3(q) and v(q) (0 < v(q) < 2°@ — 1) so that I, = I(3(q),v(q))- [

Proposition 4.1 Let {r;} be an effective separating set and let f be a function on
[0,1). Then, f is effectively Fine continuous with respect to {r;} if and only if there
exist a Fine computable double sequence {si .} and a recursive function 6(k,q) which
satisfy the following.

(a) {Skq}q is a subset of {r;} for each k.

(b) {J(skq,0(k,q))}q is disjoint for each k.

(¢) @ € J(sky, 0(k,q)) implies | f(x) — f(snq)| < 27F.

(d) Ugzy J(8kg,0(k,q)) = [0,1) for each k.

Proof. First, we prove the “if” part. For each k and i, we can find effectively such
q that r; € J(Sg11,4,0(k +1,q)). It is sufficient to take a(k,7) = d(k + 1, q), since

[f(2) = fr)l < 1f(@) = f(sear)l + [f(s0e1) = f(ra)] <27
for x € J(ri, a(k,i)) = J(Sky1.4,0(k+1,q)).

To prove the “only if” part, let a(k,i) be a recursive modulus of continuity of f
and let us consider {J(r,, a(k + 1,p))}, for each k. If we apply Lemma 4.2 to this
sequence with I = [0, 1), then we obtain recursive functions 3(k, q) and ~(k, ¢) so that
the sequence {I;,} = {I(B(k,q),v(k,q))} is an effective dyadic covering of [0,1) and
satisfies (i) to (iii) of Lemma 4.2 for each k. We define §(k,q) = v(k,q). For each g,
we can select p and 7; so that r; € Iy, C J(rp, a(k+ 1,p)). If we put s, = r;, then it
holds that

£(@) = Fsma)l < 1F@) = Fr)] + £ () — F)] < 27

for x € J(sp,q,0(k,q)) = Iiq D

14



Proof of Theorem 3. Assume that f is effectively Fine continuous with respect to
an effective separating set {r;} and that {¢;} is an effective separating set. Let {sy,}
and J(k, q) satisfy the requirements (a) to (d) in Proposition 4.1. For each k, g, choose
some t; € J(Sg11,4,0(k+1,q)) and denote it by uy,. (We can do this effectively, hence
{ug,} is computable). It holds that J(ski1,4,0(k+ 1,q)) = J(ukq, 0(k +1,¢q)) and

[F(y) = flung)l < 1F () = Fskerg)] + [f(shrrg) = flung)] < 27°

for y € J(ugq,6(k+1,q)). If we define §(k, q) = 0(k+1,q), then 6(k, ¢) is recursive and
the conditions (a) to (d) of Proposition 4.1 hold for {uy,} and d(k,q) with respect to
{t;}. If we apply Proposition 4.1 again, we obtain that f is effectively Fine continuous
with respect to {t;}. ]

As a corollary to Theorem 3, it follows that the computability of functions in [18]
is equivalent to the Fine computability on the Fine space.

Let us consider the maximum of a Fine computable function. On the unit interval
[0, 1], Pour-El and Richards proved that the maximum of a uniformly E-computable
function is an E-computable real ([15]). This property also holds on an effectively
compact metric space with a computability structure ([13]). Since the Fine space is
not complete, a Fine continuous function does not necessarily attain its maximum.
Nevertheless, we obtain the following weaker property ([12]).

Theorem 4 A uniformly Fine computable function has the E-computable supremum.
This theorem is proved by using the following theorem and its proof in [11].

Theorem 5 A function f on [0,1) is uniformly Fine computable if and only if there
exists a uniformly computable function g on (2,dc) such that f(x) = g(u(x)) for all
x € [0,1), where dc is the Cantor metric on 2, that is, dc(o,7) = > 5o, 27 %oy — 7]
for o, € Q.

Notice that sup,(y 1) f(2) = max,eq g(o) holds.

For locally uniformly Fine computable functions, the corresponding property does
not hold.

In the rest of this section, we treat some examples of Fine computability of a
function. For this purpose, we introduce special dyadic step functions:

Xc(x> - X[O,c)(x)7 Xn(x> = X[l—2*("*1>,1—2*")(l‘)' (3)

It is obvious that y, is uniformly Fine computable and the same holds for . if ¢
is a dyadic rational.

Proposition 4.2 There exists a bounded locally uniformly Fine computable function,
the supremum of which is not E-computable.
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Proof. Let a be a one-to-one recursive function from N* to NT, whose range
a(N*) is not recursive. Define ¢, = Y p_ 27%®_ Then {c,} is an E-computable
sequence of real numbers, which is monotonically increasing and converges to a non-
E-computable limit ¢ ([15]). Define also f(z) = Yo% ¢uXn(z). I, = [l — 27D 1 —
27") = [£:2,251) is a fundamental dyadic interval and {I,} is a partition of [0, 1).
Let us define (i) = a(k,i) = nif e; € I,. Then f is locally uniformly Fine computable
with respect to 3 and «. But supyc,; f(x) = c is not E-computable. 1

We give a simple example of a function which is not Fine computable. In the

1
»3
% with any dyadic irrational.

following proposition, 3 is not essential, and the proposition remains valid if we replace

Proposition 4.3 X1 satisfies the following:
(i) 1t is not Fine continuous.
(i) It is not sequentially Fine computable.
(iii) For any a(k,1) which satisfies Definition 4.1 (ii-a), (ii-b) does not hold.

Proof. (i) is obvious, since % is not a dyadic rational and a Fine continuous function

must be continuous with respect to the Fuclidean metric at every dyadic irrational.
(ii) Let a be a one-to-one recursive function, whose range A = a(N) is not recursive
and each value of which is greater than 1. Define {z,} and {z, ;} respectively by

xn:{
xn,k:{

Then, z, 1 € J(z,,p) if £ = p+2 for all n, and {z, 1} Fine converges effectively to
{z,}. Therefore, {x,} is Fine computable.

To show that {X%(xn)} is not E-computable, recall that X%(:U) =1if0<z <}
and:Oif% < x < 1. By the definition, z, <%ifn€Aandxn:%ifn¢A.
So, X%(acn) = 1lif and only if n € A. If {X%(ajn)} were [E-computable, then it would
be a recursive sequence of natural numbers. So A would be recursive, yielding a
contradiction.

(iti) Assume that 3 € J(e;,«(k,4)) for some i. Since J(e;, a(k,i)) is a dyadic
interval and % is not a dyadic rational, % is not an end point. So, there exists x in
J(€;, a(k, 1)), which satisfies 2 < 1. By the definition of ¥, X%(x) - X%(%) =1 [

— 57 if there exists an m such that a(m) = n

Wl Wl

otherwise
and

— g7 if there exists m s.t. m <k and n = a(m)

otherwise

W= W=

5 Effective Fine convergence

In this section, we define the effective Fine convergence of a sequence of functions, and
prove that the space of effectively Fine continuous functions is closed with respect to
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this convergence.

Definition 5.1 (Effective Fine convergence of functions) We say that a sequence
of functions {f,} Fine converges effectively to a function f if there exist recursive
functions (ki) and ~(k,i) which satisfy

(a) =€ J(e;, B(k,i)) and n = y(k,i) imply | fo(x) — f(x)| < 27F,

(b) U2, J(ei, B(k,3)) =[0,1) for each k.

The above definition is the effectivization of Definition 2.4.
Notice that a dyadic step function which takes only E-computable values is uni-
formly Fine computable.

Definition 5.2 (Computable sequence of dyadic step functions, [11]) A sequence of
functions {¢,} is called a computable sequence of dyadic step functions if there ezist
a monotonically increasing recursive function 6(n) and an E-computable sequence of
reals {cn;} (0 < j <29 n=1,2,...) such that

28(n) _q

o) = D CnyXitom (). (4)

J=0

A computable sequence of dyadic step functions is a uniformly Fine computable
sequence of functions since @, (z) = p,(y) if z,y € 1(6(n),j) for some j. Typical
examples of computable sequences of dyadic step functions are the system of Walsh
functions, that of Haar functions and that of Rademacher functions.

Theorem 6 Let f be a Fine computable function. Define a computable sequence of
dyadic step functions {@,} from f as (2) in Section 2, that is,

2" —1

Zf]Z XInJ)( z).

Then {pn} Fine converges effectively to f.

Proof. Let f be a Fine computable function with respect to a(k,1).

If n > alk+ 1,4), then J(es, a(k + 1,4)) = Ujo-ncsenaterri L(n.J). Assume
further that = € J(e;, a(k + 1,)). Then, x € I(n,j) for some j which satisfies j27" €
J(ei,a(k+1,1)) and @, (z) = f(527™). So we obtain

lon(x) — f(2)] = [f(127") — f(2)] < I( ") = fle)| + | fle:) — f(=)]
< 2 (k) 4 o= (ktl) — o=k

Therefore, {p,} Fine converges effectively to f with respect to vy(k,i) = B(k,i) =
a(k+1,1). [
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Remark 5.1 If f is uniformly Fine computable or locally uniformly Fine computable,
then the convergence can be replaced by the effectively uniform convergence or the
effectively locally uniform Fine convergence respectively ([10, 11]).

Similarly to the proof of Proposition 4.1, we can prove the following proposition.

Proposition 5.1 A sequence of functions {f,} Fine converges effectively to f if and
only if there exist a recursive sequence of dyadic rationals {sy;} and recursive functions
B(k,1) and y(k,i) which satisfy the following:

(2) @ € J(s Bk, 0)) and n > A(k, 1) imply |fa(z) — F(z)] < 2°*.

(b) Uiz, I (S, B(k, 1)) = [0,1) for each k.

(c) {J(skq, B(k,i))}i is a set of pairwise disjoint dyadic neighborhoods for each k.

We can also define the notion of effective Fine convergence with respect to any
effective separating set {r;}, and prove that the notion of effective Fine convergence
does not depend on the choice of an effective separating set.

Now, we prove the closedness of the space of Fine computable functions under
effective Fine convergence.

Theorem 7 If an effectively Fine continuous sequence of functions {f,} Fine con-
verges effectively to f, then f is effectively Fine continuous.

Proof. Let {f,} be effectively Fine continuous with respect to a(n, k, p), that is,
x € J(ep, a(n,k,p)) implies |f,(z) — fu(ey)| < 27% and U;il J(ep,a(n, k,p)) = [0,1)
for each n, k. From the effective Fine convergence, we obtain {sx;}, B(k,) and v(k, )
satisfying the conditions (a), (b) and (c) in Proposition 5.1. In particular, the dyadic
neighborhoods {.J(sx, B(k,7))} are mutually disjoint with respect to 7.
From the requirement (ii-b) of Definition 4.1 for a(n, k, p), we have
J(Sks2, Bk +2,1)) C[0,1) = U2, J(ep, a(y(k +2,i), k +2,p)).

p=1

If we set [ = J(spy24, B(k+2,1)) and {Jxiptp, = {J(ep, a(y(k+2,7),k+2,p)) N1},
and apply Lemma 4.2, we obtain an effective dyadic covering of J(sgi24, 8(k + 2,1)),
say {Ipiqt = {L(&(k,4,q),n(k,i,q))}, which satisfies (i)~(iii) of Lemma 4.2 for each
pair k.4 . Let us remark that [ ; , is a subinterval of Jj ; , for some p, and that £(k, i, q)
and n(k,i,q) are recursive functions.

For each k,i and ¢, we can find effectively some p = p(k, 7, q) such that e, € I} ; .

Define r;, = e, and §(k,7,q) = &(k,1,q), and assume z € J(1g,4,0(k,4,q)) =
Iiig- Since J (13 4,0(k,i,q)) C J(Skyoi, B(k+2,1)), |f(2) = fyro0 (@) < 27*+2 and
[ (rhiq) = Frterei (riq)] < 275+ hold. So

|f(x) - f(rk,i,q)‘
< 15(@) = Feran @)+ | Frenof®) — sz (i)l + rssoiia) = Fnio)
< |f'y(k+2,i)<$) — f,y(kJrZ’Z.) (rk,i,q)| + 9—(k+1)

18



On the other hand, I} ;, = J(rriq, 6(k,i,q)) C J(ep, a(y(k+2,i),k+2,p)) = Jrip
and 74, 4 = e, imply that

| Frtr2.) (@) = Fomrzy (Thig)| = | ez () = Frean (ep)] < 27 ¢

Therefore, © € J(rg4,0(k,i,q)) implies | f(z) — f(rriq)| < 27F.

Furthermore, U; U, J(7k4.4,0(k,%,q)) = U;J(Sg+24, B(k + 2,4)) = [0,1) due to the
assumption for {s;;}, G and 7.

We can perform the above procedure effectively in i. So, taking some recursive
pairing function, (i,q) =i + 3(i + ¢)(i + ¢ + 1) for example, define ry, = r4;, and
d(k,0) = 6(k,i,q), for £ = (i,q). Then, the necessary condition of Proposition 4.1 (with
respect to k and ¢) holds for this 4, and 6(k, () for each i. [

Theorem 8 If a Fine computable sequence of functions { f,,} Fine converges effectively
to f, then f is Fine computable.

Proof. Effective Fine continuity is guaranteed by Theorem 7.

Let us assume that {f,} Fine converges effectively to f with respect to G(k,7) and
v(k,i). To prove the sequential computability, let {x,,} be Fine computable. For each
k,m, we can find effectively an i = i(k,m) so that z,, € J(e;, B(k,q)). If n = ~(k,1),
then |f.(xm) — f(zm)] < 27%. So the E-computable sequence {f, ()}, converges
effectively to {f(z,,)}, and hence {f(x,,)}.n is an E-computable sequence. [

Combining Theorem 8 with Theorem 6, we obtain the following theorem.

Theorem 9 (Necessary and sufficient condition for Fine computable function) A
function f is Fine computable if and only if there exists a computable sequence of
dyadic step functions, which Fine converges effectively to f.

We can extend Theorem 8 to the case where a computable double sequence { f,, .}
Fine converges effectively to a sequence { f,, }, by suitably extending the notions of the
Fine computable sequence, the effective Fine convergence and the computable sequence
of dyadic step functions. This can be done by adding a new argument m to the relevant
recursive functions.

Theorem 10 If a Fine computable double sequence of functions { fu.n} Fine converges
effectively to a sequence {f,}, then {fn} is Fine computable.

Theorem 11 A sequence of functions {fn} is Fine computable if and only if there
exists a computable double sequence of dyadic step functions {pm .}, which Fine con-

verges effectively to { fi}.

Example 5.1 Let us consider X1 in Proposition 4.3. Define z,, to be %(1 —47").
Then {x,} is a Fine computable sequence of reals and Fine converges to % Hence, x.,
converges pointwise to y 1 Moreover, {x.,} is a computable sequence of dyadic step
functions (Definition 5.2). However, the convergence is neither Fine nor continuous

due to Propositions 2.4 and 2.6.

19



6 Recursive functional equations and Fine computable

functions

In this section, we provide several examples concerning Fine computability of functions.
Some of them are represented as linear combinations of y.(x)’s and x,(z)’s, which have
been introduced in Section 4 (Equation (3)).

Example 6.1 Let us define f,, = Z 27'Y,, and f = Z 27" X, -
i=1 i=1

Then, for n < m, [fu(z) — fm(2)] < 20,.127" < 27" holds and {f,} converges
effectively uniformly to f. So, f is uniformly Fine computable by Theorem 1. On the
other hand, f is E-discontinuous at every dyadic rational, since f(z) — f(e;) = 27 for
any r < e;.

There is an example of a computable sequence of dyadic step functions, which
converges classically but the convergence is not effectively Fine.

Example 6.2 Let a be a one-to-one recursive function from N* to N*, whose range
a(NT) is not recursive and let us define f,(x) = Z Xae) (), f(x) = Z Xa(k)(z). Then,
k=1 k=1

{fn} is a computable sequence of dyadic step functions. Classically, {f,} converges to
f and f is Fine continuous. However, f does not satisfy the sequential computability,
since f(1 —27™) = 1 if m = a(k) for some k € N and = 0 otherwise. So, the con-
vergence is not effectively Fine. On the other hand, the limit function f is effectively
locally uniformly Fine continuous.

The existence of an example which is Fine computable but not locally uniformly
Fine computable has been proved by Brattka.

Example 6.3 (Brattka [3]) The example of Brattka is the following:

(oo

Z(@ mod 2)2f”i*2§;5(nj+ej)
i=0
if u(z) = 0nologmibignz ...
@ =1 . @= | i
Z(@ mod 2)2—"i—2§-;})(nj+ej)

1=0

if p(z)=0Qro1fogrrifrgnz... 1m0

\

where, ng > 0, n; > 0 for ¢ > 0 and ¢; > 0 for all 7 > 0.
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For investigation of this example and its generalizations, we introduce the following
fundamental dyadic intervals and mappings.

Ay = [1—27ED 1970

1—271) =UZ 0 A4
Set) = 1-27D 41 927% 1 [0,1) — 4,
1-27%427%:[0,1) — B,

Obviously, {A,}2, is an infinite partition of [0,1) and {A;,..., A;, B;} is a finite
partition of [0, 1) for each j. Furthermore, S; is a bijection from [0, 1) to Ay and S, 'z =
2/(z — (1 —27¢=D)). Ry is a bijection from [0,1) to By and R, 'z = 2¢(x — (1 —27Y)).

We note that x € A, is equivalent to that u(x) is represented as 14710 * * - - -

First, we treat the approximating sequence of dyadic step functions {v,}, which is
obtained from v by Equation (2) in Theorem 6. Since v is known to be Fine computable,
{vn} Fine converges effectively to v by virtue of Theorem 6.

The proof by Brattka [3] that the v defined by Equation (5) is not locally uniformly
Fine continuous assures that it is not locally uniformly Fine continuous. It is easy
to prove that the limit of a sequence of locally uniform Fine continuous functions
under locally uniformly Fine convergence is also locally uniformly Fine continuous. If
the convergence of {v,} to v were effectively locally uniformly Fine, then v would be
locally uniformly Fine continuous by virtue of Theorem 2. So the convergence is not
locally uniformly Fine,

It is easy to see that the sequence {v,} satisfies the following recurrence equation.

[0 if zeA=]0,3)
”M)_{1ﬁxeazgn’

( D'y 9=iy,, (Sitr) if reA(1<i<n—1)

vp(x) = % it xe A,

LD it pe B,

It also holds that v, (k27") = v(k2™") for each n and k.

We illustrate the first four of {v,} in Figure 1. Let us examine the graph of v;.
The restriction of vy to A; = [0, 3) is the contraction of the graph of vs with scale 3.
The restriction of vy to Ay = [3, 2) is the vertical translation of the contraction of the
graph of vy with scale }L = 272, The restriction of vy to A3 = [3, 1) is the contraction
of the graph of v; with scale 278, wy(z) = 1if 2 € Ay = [£,12) and v(z) = 0 if

478
16
JIEB4 Hg,l)
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By definition, it holds that v,(k2™") = v, (k27") for £ > n, and hence they are equal
to v(k27™) for any natural number k which is less than 2". This shows that the value
v(x) is determined by v, (z) if = is a dyadic rational of level n.

In Figure 2, we draw line from (k27¢ v(k279)) to ((k+1)27% v(k279)) for 0 < k <
20 — 1.

1 1
1/2 1/2
0 1 0 1
vy () vy ()
1 1
1/2 1/2
0 1 0 1
v3(z) va(T)

Figure 1: v,(z) for n =1,2,3,4

To prove some properties of the function v, we derive a simple recurrence equation.
It is easily proved that v(x) defined by Equation (5) satisfies v(0) = 0 and the
following functional equation

v(z) = BC L o-ty(S ) i we A ((=1,2,..)). (7)

Properties of fractals deduced from Equation (7) will be discussed in a forthcoming
paper.
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0.2 0.4 0.6 0.8 1
Figure 2: v(z) for x = k275 0 < k<20 -1

.

If we replace the first term in the right hand side of Equation (7) with a recursive
function, we can obtain other examples of Fine computable functions.

Theorem 12 Assume that {h({)}, is an E-computable sequence from [0,1] and that
h(1) = 0.
(i) The equation

f(x) =h(0)+27°f(S; 2) if v€e Ay (£=1,2,..)) (8)

has a unique Fine computable solution in the space of bounded functions on [0,1).

(i) Ifliminf, . h(€) # limsup,_ . h(¢), then the bounded solution of Equation (8)
15 not locally uniformly Fine continuous.

(i) Ifliminf,_ . A(¢) = limsup,_, . h({) = a and the convergence is effective, then
the bounded solution of Equation (8) is uniformly Fine computable.

If h is given by h(f) = 0 for an odd ¢ and = 1 for an even ¢, then we obtain the
example of Brattka.

We can also get Fine computable functions by the following equation, which is
similar to Equation (8) but slightly different.

Theorem 13 Let h satisfy the assumption of Theorem 12.
(i) The equation

Fle) = h0) + 3F(S M) if we A (0=12,..) ()

has a unique Fine computable solution in the space of bounded functions on [0, 1).
(ii) If h is not constant, then the bounded solution of Equation (9) is not locally
uniformly Fine continuous.
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For the proof of Theorems 12 and 13, we introduce the following notations.

For each z € [0, 1), we can define an infinite sequence {¢;(z)}:2, in N* by & € Ay, ()
and S;Z_(lx)---sé—l} () € Apy ()

We also define Ly(z) = 0 and Lj(x) = l1(z) + la(x) + - - - + {;(x) for j > 0.

Finally, for a dyadic rational r, we define its level by

lev(r) = min{n € N|3Jjr = 527"} (10)
We have defined the level of a fundamental dyadic interval I in Section 2. We also

denote this as lev([).

If {r,} is a recursive sequence of dyadic rationals, then {lev(r,)}, is recursive.
We list up some properties concerning {S,} and {¢;(z)}.

Fact 1: ¢;(z) > 1 and L;(z) > j.

Fact 2:  For any positive integers {1, 0o, ... Uy, we define Ly = €1 + ...+ lx. Then

S Sey -8 [0,1) =[1—27fr —27Le ... o= 1 _9=f1 9=z ... o—Lk)
is a fundamental dyadic interval of level Ly,.

Fact 3:  For any positive integers (1, ls, ... Uy, if x € SpSe,---Se[0,1), then
£Z<I) :&', 1= 1,2,...,]€.

Fact 4: If a dyadic rational v is of level n and lies in Ay, then the level of S’ r s

equal to or less than n — (. Hence, if L;(r) > lev(r) then S, % ) SEQ(T)SMT)

Fact 5: If {x,} is a Fine computable sequence of reals, then the double sequence of
integers {{;(xy,)} is computable. (In fact, it is recursive for any fized {z,}.)

Fact 6: Let f be a solution of Fquation (8). Put t = ngx)---SE_Q%x)S[l%x)x for
x € [0,1). Then we obtain

f(@) = h(ta(@)) + 271 Oh(l(x)) + -+ 2781 Oh(l(2)) + 275 @ (). (1)
Moreover, if r is dyadic rational and L;(r) > lev(r), then it holds by Fact 4 that
f(r) = h(ey(r)) + 275 O h(ly(r)) + -+ + 2751 On(e;(r)). (12)

Fact 7:  Let f satisfy Equation (9). Putt = S[
Then, we obtain

(@) SZQIx)S yx for x € [0,1).

f(@) = h(t () + 27 h(ly(x)) + - - -+ 279Dl (x)) + 277 f(t). (13)

and
F(r) = h(6u(r)) + 27 h(la(r) + - - + 279 Dh(4(r)). (14)
for dyadic rational r with L;(r) > lev(r).

Subsequently, || f|| will denote the supremum of a function f (when it exists).
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Proof of Theorem 13 (i). Let f be a bounded solution of Equation (9) (or Equation
(8)). Since, 0 € A; and Sy '(0) = 0, we obtain f(0) = 1 f(0) and hence f(0) = 0.

From Equation (13) (or Equation (11)) and the assumption that h(¢) € [0, 1], we
obtain

fx)| < 1T+27 4 427070 4 273) 7).

Letting j to infinity, we obtain

flx)] <> 27 =2 (15)

Jj=0

Ezistence: Since |[h|] < 1,377, 2-U=Dp(¢;(x)) converges absolutely and uniformly
in . If we denote this limit function by f, then it is easy to prove that f satisfies
Equation (9).

Uniqueness: Suppose that f and g are bounded solutions of Equation (9) or of Equation
(8). Then, from Equation (13) (or from Equation (11)),

[f (@) = g(@)] < 277 (IIf1] + Igll)

holds for all j. Since the right-hand side tends to zero as k tends to infinity, we obtain
f=g

Remark 6.1 From Fuxistence and Uniqueness, the unique bounded solution of Equa-
tion (9) is given by

fx) = 270" Dn(t(@)). (16)
j=1
The convergence in the right-hand side is effectively uniform.

Effective Fine Continuity: We fix an arbitrary k. From the definition of {S,} and
Fact 2, the set of intervals {S¢, Sy, - -+ Sp, 5[0, 1)}y 4,00, 15 @ partition of [0,1) con-
sisting of fundamental dyadic intervals. Therefore, each e; is contained in some [ =
St Se, -+ S50, 1). Note that we can find such I effectively in & and 4. If we define
v(k, 1) to be the level of I, then J(e;,v(k,7)) = I and  is recursive.

Assume that x € J(e;,y(k,4)). Then, {;(z) = {;(e;) = ¢; for 1 < j < k+ 3 by Fact
3, and we obtain by Equation (13)

f(x) = h(l) + 27 h(ly) + - + 27 * DRl 5) + 27 EFD £ (1),
fes) = h(l) +27 h(ly) + -+ 27E D0 ,5) + 27 FFD £ (),

where, t = S[kig S5, () and s = S[I:H‘s

-+ 8,15, M (e;). Therefore,
[f(@) = flen)] < 227" ]| <427 <27,
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This proves the effective Fine continuity of f.

Sequential Computability: Let {x,} be a Fine computable sequence in [0, 1). Define
Ynm = D (20)) + 27 Wl (@0)) + -+ - 4 27 DRl (2)).

Then, the double sequence {y,, ,, } is E-computable by Fact 5 and E-converges effectively
to {f(z,)} by Remark 6.1. Therefore, {f(z,)} is an E-computable sequence of reals.

Theorem 12 (i) can be proved similarly.

Proof of Theorem 12 (ii). Let us assume that lim inf,, . h(m) # limsup,,_ ., h(m)
and that f is locally uniformly Fine continuous with respect to functions a(k,7) and
B(i), that is, for all k, |f(z) — f(y)| < 27 if 2,y € J(e;, B(4)) and y € J(x, a(k,1)),
and U2, Jex, B(3)) = [0,1).

Put § = limsup,_,. h(¢) — liminf, . h(¢) and consider any fixed ¢ and the corre-
sponding J(e;, 3(1)).

Now, take k so large that 27% < §2-0®+D  From the definition of §, there exist
my > a(k,i) and my > a(k, i) such that h(ms) — h(mq) > L.

Let z be the left end point of J(e;, 8(7)). Then it holds that lev(z) < (7). Define
further # = z + 2-BOFD(1 — 2=(m=1)) and y = 2 + 2-BOF(1 — 2=(m2=1)) Then z,
x and y are dyadic rationals and z can be written as j27°® for some integer j. From
the last property above, there exists an integer n such that L, (2) = 8(i) + 1. In this
case, Uj(z) = L;(x) = L;(y) if j < n, Lj(z) =11if j > n, ly1(x) = my, by (y) = mo
and ;(z) =l;(y) =1if j>n+ 1

By Equation (12) and Fact 1, we obtain

fly) = f(x) = 27O (h(mg) — h(my)) > 277OVs, (17)

From Equation (17) and the choice of k, f(y) — f(x) > 2% holds.

On the other hand, =,y € J(e;, 5(¢)) and y € J(z, a(k, 7)) hold. This implies, from
the assumption, |f(z) — f(y)| < 27%, contradicting Equation (17). f is thus not locally
uniformly Fine continuous.

Proof of Theorem 13 (ii). Assume that h(my) < h(mz). For any i, there exists an

integer n such that L, (e;) = lev(e;) + 1. Put, for any m,

r=e; + 2—(lev(e,-)+1)(1 o 2—(m—1)) 4 2—(m+lev(ei)+1)<1 o 2—(m1—1))
and

y=e; + 27(lev(ei)+1)(1 _ 27(m71)) + 27(m+lev(ei)+1)(1 _ 27(m271)).
Then, z and y are dyadic rationals and satisfy

bpi1(2) = Lpy1(y) = m, bopa(2) = ma, loga(y) = Mo,

€n+3(x) = £n+3(y) = ]-7 €n+4(x) = €n+4(y) - 1a B
So we obtain

f(SC) — f(el) T 2—(lev(ei)+1)h(m) 4 2—(lev(ei)+2)h(ml)
and
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f(y) — f(ei) 4 2—(lev(ei)+l)h(m) 4 2—(lev(ei)+2)h(m2>
by Equation (14). Hence,

fly) = flx) = 270D (h(my) — h(my)) > 0.

On the other hand, it holds that =,y € J(z,lev(e;) +m) and y € J(x,lev(e;) +m).
If f were locally uniformly Fine continuous, then f(y)— f(z) would be arbitrarily small
for sufficiently large m, contradicting the last inequality.

Proof of Theorem 12 (iii). For any f1,0s,...,¢; and x € [0,1), define t =
SZ;l e S[llx. Then it holds that ¢;(x) = ¢; for 1 < i < 7 and we obtain

fla) = h(t) + 27" h(lz) + -+ B () + 270 (1), (18)

Let a(k) be a modulus of convergence of h, that is, « is a recursive function which
satisfies that ¢ > a(k) implies |h(f) — a| < 27%. We can assume that a(k) > k.

Let us consider the finite partition of [0, 1) consisting of all sets of the form
UiUs - - - Ui43[0, 1), where U; is chosen from {5, S, ..., Sakt3), Ras)}- By Fact 2,
each U Us - - - Ug43[0,1) is a fundamental dyadic interval. So we can define §(k) to be
the maximum of their levels.

Suppose y € J(x,3(k)). Then = and y are contained in some U Us - - Uk+3[0, 1).

If Ry ky3) does not appear in Uy, Us, ..., Ugis, then it holds that ¢;(x) = ¢;(y) for
1 < i< k+ 3 from Fact 3. So we obtain by Equation (18)

1f(z) — fly)| <2275+ |f]] < 42739 < 27F,

Otherwise, there exists at least one Ryy3) in Uy, Us,...,Ugys. Let U; be the
first appearance of Ru3). (Up may be Ragys).) If 7 > 2, then (;(z) = {;(y) for
1 <i<j—1 Since Raut3)[0,1) = Bapgss) = Upe (ke t3) 41 A;, we obtain for some
t,s €10,1)

flz) = h(fl(rc))+2 L@ty () + +2‘Lf‘2(r)h(€j—1(x))
+271i- h(f (z)) +27F (t),

fy) = h((y) + 27" Wh(ta(y) + - +2’Lf*2‘y)h(€jfl(y))
+27 i WR(4(y) + 279 f(s).

It holds that ¢;(x),¢;(y) > a(k + 3) > k + 3. So we obtain

(@) = fly)l < 275 @h(l() = h(l ()| + 275 ()] + 275 W] f(s)]
< 2—(k+3) + 42—a(k+3) < 52—(k3+3) < 2—k‘.

Therefore, y € J(x, (k) implies |f(x) — f(y)| < 27%, and the effectively uniform
Fine continuity holds. [
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