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Random variables
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Its evolution is always fluctuating, a
i.e. stochastic, around the mean. W
e.g.) Velocities of Brownian particles, . .« - |l
stock prices, currency JPY/EUR, etc. e
’ B ' I ' . _
il
Probability distribution function (PDF) P(x) e.g.) Gaussian distribution
0.2}
“The probability that a random variable, |
X, is found between x~x + dx” = P(x)dx 015y
0.1t
The sum of probabilities is one, i.e. normalized. |
0.05;
fP(x)dx =1 9101112131415 X



Markov process

| >t

Random variables depend only on the previous values.
e.g.) xi at t; is fully determined from x;_, at t;_4.

Chapman-Kolmogorov eq.
P(xy, ty) = j W (e |26 —1)P (-1, Le—1)dXg—4

W (x|x—1) , transition probability:
The probability for x;,_, to become x,

e.g.) Markov-chain

P(xy, ty) = f---fW(xk|xk_1)W(xk_1|xk_2)---W(x2|x1)P(x1, t1)dxg_q - dxq



Master equation

Chapman-Kolmogoroveq. P(x,t+ At) = f W(x|x")P(x', t)dx'

N

Transition probabilities are normalized to one: :
X ‘
JW(x’|x)dx’ =1 :

t t+dt

P(x,t +At) — P(x,t) = j W(x|x)P(x', t)dx" — P(x,t) f W (x'|x)dx’

_ j (W (x|x)P(x, £) — W (x| )P (x, )] dx’

Transition rate T(x|x') = lim W (x|x")
At—0 At
d
Master eq. aP(x, t) = j[T(xlx’)P(x’, t) — T(x'|x)P(x,t)]dx’
gain loss

cf.) Note the similarity with the Boltzmann equation!



Fokker-Planck equation

Master eq. %P(x, t) = f[T(x|x’)P(x’, t) — T(x'|x)P(x,t)]dx’

Multiplied by an arbitrary function, h(x), and integrated over X,

f h(x)%P(x, t)dx = Jir[h(x)T(x|x’)P(x’, t) — h(x)T(x'|x)P(x,t)]dxdx’'

Exchange
X with x’

= Jir[h(x’) — h()]T(x"|x)P(x, t)dxdx'

Taylor expansion, Ax = x" — x « 1 (cf. van Kampen s small noise expansion).

h(x') — h(x) = z LT

n!odxn
n=1

Integrating the right-hand-side by parts,
9 ((~ 10mh ,
jh(x)EP(x, t)dx = Jj Z——Ax" T(x'|x)P(x,t)dxdx

n!oxm
n=1

= Jrj h(x) Z (—nl)" aax"n [Ax™T (x"|x)P(x, t)]dxdx’
n=1



Fokker-Planck equation

The n-th moment of transition rate

a,(x) = ij"T(x’|x)dx’

9 o (1) am
f h(x) - P(x, )dx = j h(x)z( n!) s [an (0P (x, )] dx
n=1

Because h(x) is arbitrary, the rest of terms should be equal:
Kramers-Moyal expansion

0 (D on
ap(x,w_; [ ()P, )]

The expansion truncated at n = 2 is the so-called Fokker-Planck eq.

2

G, G, 1
P, 1) = == [, ()P (x, )] + 5o [a () P(x, £)]

“Drift” “Diffusion”



Fokker-Planck equation

e.g.) Fokker-Planck eq. with time dependent coefficients:

0 d B(t) 0
a—P(x t) = —A(t)—[xP(x t)] +Ta—P(x t)

The solution is a Gaussian distribution:

P(x,t) =

1 [_(x—(x>)2]
\ 2TTp b 2p

The mean, (x), and variance, p = (x?) — (x)?, are the solutions of the following equations:

d
() = A©)¢x) = 24(t)p + B(6)

ap

Exercise) Please show that the Gaussian is a solution of
the Fokker-Planck eqg. with time dependent coefficients.



L angevin equation

“Brownian particle (a macroscopic sphere immersed into liquid)” is a physical model of
stochastic process which can be described by the Langevin eq.:

d ® ®
m—v(t) = ~myv() + R ® o o
Drag force Random force @ ..
(macro) (micro) o
o o ®
[

Uncorrelated “white noise”
R (t) A\

« Mean value is zero, (R(t)) =0 | | ‘ | | || |
« Correlation-time is zero, (R(t) - R(0)) = 2R,6(t) I ‘ I | I| |

» Integrating over t = 0~oo0, R, = fOOO(R(t) - R(0))dt

« Uncorrelated with previous velocities, (R(t) - v(0)) =0

The solution is t

v(t) = [v(O) + 1 j eyt’R(t’)dt’] e vt
mJjg

e.g.) Velocity autocorrelation decays exponentially — (v(¢) - v(0))

v(0)-v(0))




L angevin equation

Squaringthe solution and taking an statistical (ensemble) average,

-2yt =2yt

t
(v(t)?) = (v(0)2)e~2rt 4 j et (R(t") - v(0))dt' + >
0 m

= (v(0))e ™t + - (1~ e7")

t
j j e? '+ N (R() - R(t"))dt'dt"”
0

Thermal equilibrium:

m m 3
Z (0O = (w(0)?) = kT

3krT
« (w(£)?) = (v(0)2) = —=

3kgT  3kgT Ry Ry
BT _ T e—2vt +_2(1 _ e—Zyt) - (t N oo)
m m mey m2y

Fluctuation-dissipation theorem (FDT)

Ro
Bka Bka

y = j (R(E) - R(0))dt



L angevin equation

Multiplying the Langevin eq. by r(t) and taking a statistical (ensemble) average,

d
m <r(t) 'Ev(t)> = —my(r(t) - v(t)) + (r(t) - R(2))

d 1 d? 1 d2 Random force is space-independent!

r-—v=-—r?—v? r-v=-——r?

dt  2dt? — 2dt2 (r(t)-R(®))=0

Differential equation of (r(t)?)

d2 (r(0)?) + d< (D2) = 2(v(D)?) = 6kgT A
dtZ r ydt r - \% = -~
~t
Mean-square displacement (MSD) ’é o Normal diffusion
= Balllstlc‘.y
6kgT 1 1 - .
(I'(t)2> = B <t —— 4 _e—)/t) ED
my y v 2
3kpT
f nj t> (shorttime scale,yt < 1)
~ 1\ 6k - >
! 1 1 logt
¢t (long time scale, yt > 1) O8Y g

. my



L angevin equation

Diffusion coefficient (r(t) — r(0)|?) kT r(0)=0
e o my @~ =2
my

Time-integral of the velocity autocorrelation function

3k,T
my

joo(v(t) -v(0))dt = (v(0)?) fooe_ytdt =
0 0

Green-Kubo formula

D = %Jooo(v(t) -v(0))dt

Note the similarity with the FDT!
Both are given by time-integrals of autocorrelation!

cf.) Green-Kubo formula for transport coefficients:

joo((fkl(t) -0y -(0))dt
0

Shear viscosi = i
VISCOoSIty 7 |k1|I—I>10kBTV

cf.) Long-time tails
(v(t) - v(0)) ~ t=4/2 (in a long-time limit, in d-dimension)



L angevin equation

Langevin equation (1-dimension)

d t+At
—x = —yx + R(t) o Ax = —yxAt + j R(t"Hdt'
dt ¢
\
NOT R(t)At !
The n-th moment
an(x) = A%r—r}oﬂj W x)dx’ = AES0 At

Take an average over all possible x’
e.g.)

o B0 L R
00 = [0 he = A —w;wft REEE| ==y

(---) does not work on x

(Ax*) [ y
= lim |(
At—0

az(x) = AI%I—T}O At

Fokker-Planck eq. 4 0 R, 0%

ot 2 0x2

“slow variable’

x(t)
“fast variable”

M

t t + At

Sample 1
Sample 2
Sample 3

v

t t + At

t+At 1 t+At
Yx)2At — Zyxf (R(t))dt" + A_tﬂ (R(tHR(t))dt'dt"| = R,
t t

Pt =y - [xP(x,0)] + 2 _p(x,t)



Generalized Langevin eguation

d t
mav(t) = —mj y(t —tHv(tHdt' + R(t)
0
Viscosity coefficient has “memory”
Correlated “colored noise” i.e. Correlation time is finite

R(¢) A

(R(D) - R(0)) = mksTy (1) k
> ¢

Multiplying the generalized Langevin eq. by v(0) and taking statistical average,
the velocity autocorrelation function obeys

t

d
VO vO) = [ ¥t = V() - vy

0

e.0.) y(t) = y(0)e /"

(v(®) -v(0)) _vie™" —y2e™" ' Mixing two relaxation time
(v(0) - v(0)) Y1 =72 scales, y; ™! and y, ™"
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