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Quick question

What i1s the symmetry ?




Wait for the slide [36] !

This i1s the goal of my talk

You will find a surprising result!
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Part 11

Adiabatic theorem




Basic concept : entropy

Thermodynamics:

quasi-static adiabatic process:
(E,V)— (E", V')

Adiabatic wall
7
(E,V) .
piston
N

5(1;75 V) =S(E V)




Mechanical description

Classical mechanics: ¢(t) € R*Y p(t) € R*"Y

Adiabatic wall

piston

phase space coordinate [' = (q , p)

Hamiltonian

2
Di
H(F,O{) :Z | | +Z‘/int(|’ri_rj|)+ZVwall(r’i;a)

2m - .
1< 2
(v time-dependent control parameter e.g. (v = V




Statistical mechanics
Any physical quantity I?I‘)
)

(A5, = = (g — [ drs(E — H(r,a)A(T)

S(E, ) = /drcs(E — H(T, o))

Q(F, )
N

O(E, a) = /dre(E— H(T,a))

Entropy S(E,«) = log




Thermodynamic concepts

Y(E, «)
Inverse temperature 5 —

~ Q(E, o)
&

Fundamental relation in thermodynamics:

dS = BdE — B <8—H>mc do

O E.o




Time-dependent entropy

— (Of(t))i ¢, protocol : fix

a
I'«(t) solution to the Hamiltonian equation
E.(t) = H(L.(t), a(t))

S(E,a) = log Q% a)
Si(t) = S(Ex(t), a(t))




Adiabatic theorem

Ti = €t;
Quasi-static operation a(t) — @(Et) 1 1
2 Tf = €l
do do
— =e—=0(¢) e—=0 T = €t

dt dr

' Ergodic (with respect to the MC measure)

lim[S, (t¢) — S.(t;)] = 0

e—(




Remarks on history

Physical arguments (proofs) : 1905-1915 e.g. Hertz

Kasuga, On the adiabatic theorem for the Hamiltonian System of
differential equations in the classical mechanics I-III Proceedings of the
Japan Academy 37, 366-382(1961)

Anosov, Averaging in systems of ordinary differential equations with rapidly
oscillating solutions, Izv. Akad. Nauk SSSR ser. mat. 24 721-742 (1960)
Lochak and Meunier, Multiphase averaging for classical systems

(Springer, 1988)
Ott, Goodness of ergodic adiabatic invariants, Phys. Rev. Lett. 42, 1628-
1631 (1979).

Jarzynski, Multipule-time-scale approach to ergodic adiabatic systems: [ 14 }
Another look, Phys. Rev. Lett. 71 839-842 (1993).
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Noether’s theorem




Setting up |
q (t) © R3N coordinates of particles ¢ = (rq,- -

(X control parameter e.g. (X — V
Adiabatic wall

piston

&= (a (t))if:ti protocol : fix

A t
q=(q (t))tf:ti any trajectory




Setting up |

Action:

7(3.6) = [ dtL(a(0).q(t),o(0)

Lagrangian:

L(q,q,a) =T(q) — U(q, )

Energy:‘ 0L ‘
E(q,q,a) = qa_q — L(q,q, o)




Transformation |

G t— t; =t -+ ?’}£ (q , q"j 8 ) non-uniform translation of time

7]  an infinitely small parameter

qd—q qt)=q(t)

Positions are independent of time labeling

o — o cr"(t") = cs(t")

The protocol ( as a function of time) is fixed




Transformation |l
5oL =I(§,8) — I(4, &)

+ - -
C s d(¢L)

— dt 5(;L -7
J i

SeL = L(q (1), d (1), (1) — L(g(t), d(1), a(z))

0qq(t) = ¢'(t) — q(t) = —néq

b d [ OL\"
= At —Eq¢ + — =
/ti { St _g(L qa@>_}

oL B d 0L
dqg dt 0q

E




Result

Suppose that there exist £(q, ¢, ) and ¥(q, ¢, @)

te d
that satisfy 0l =n / dtd_ltb
t

i

Noether, 1918; Bessel-Hagen 1921
Trautman, CMP, 1967

g

e
/t dtEiE = — (v + EE)

4

te
t;

(s + E&if =0
Y + E¢ is an invariant quantity




Remark on the symmetry

gt

di

Each solution trajectory is transformed (=]
to another solution trajectory
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Derivation of the symmetry




Condition for the Symmetry

Ol = " a Y / '
aL=mn , dtﬁ t >t =t+né(q,q,a)

e
/t Cdtgie = —( + BE)|!

| @ = it

te T
/ dt i + F¢ + aa—Eé" = 0
t; _d vfel -

Do &(¢,9,a)and®(q, ¢, ) exist

Y

forany g with a fixed quasi-static a?




Starter

When oy = COIISJD.,£ = COHSt.and’{ﬁ — 0 lead to

o Tdy . .0E
dt | — —&| =
/t o —I—Eﬁ—l—aaaﬁ_ 0

i L

The Noether invariant w -+ E .f is the energy.

However,

there areno &(q, ¢, «) and ¥(q, ¢, @)
for a general quasi-static protocol o .




Because

trajectories may be too wild to describe quasi-static processes

e ©

® o

@ :
O piston

o ©

@

@ % 4

e
O O piston
@ O




We restrict trajectories to

those consistent with quasi-static processes in thermodynamics

\
SURNEW IDEA
piston
® @ @
@
O piston
© @




Thermodynamically
consistent trajectories
q = (q(t))t, .
— E(t) = H(q(t),p(t); a(t)) P=az

Two COl’lditiOHSZ Y (t) = (Et) (quasi-static operation)

(1) E(t) — E(Et) + Eg(t) which defines apath (E(7), &(7))

te i mc ]
(2) / dtcv sl <8—H> — 0
t; I dor Do E(t),a(t)_

in the limit € — 0

Mechanical work = Thermodynamic work



Condition for the Symmetry |l

dt |—— + E§ +a—¢| =0

Tt AV _d= da /OE\"™
/ ar | L pEE L da /O =| =0
- dr dr dr \ Oa B(r).a(r)

for thermodynamically consistent trajectories

= @_d_@ a_E o _d(‘I’-I-EE) [28}
—\ dr dr \Oa /[ 5 - - dT




Integrabi lity condition
dE OE\™ \ d(V+ EE)
dr < Oa >E’a B dr
‘ Total derivative !
a_E | 0 = a_E o — ()
O ) OE\"\da/p, |

(small trick )

0 (. ([0S 0 (_. [0S\ \ _
aa( 4 (aE) )E_G_E(“B (a_a)E)a‘O




Solution

2 05 9 (_ [0S\ \ _
8@( . <8E) )E_a_E(HB (a_@)E)a_O

o= _

d(a, )
= = BF(S) JF an arbitrary function
_(dE da /OE\™ \ d(V+ EZ)
“\dr dr \ da B.a B dr




Summary of Results so far

Transformation:
t -t =t+né(q,q,a)
£ =E2(E(g,q,a),a)
== BF(S)

Symmetry: te g
(5(;1- — T}/ dt—w
L dt

for thermodynamically consistent trajectories

Noether invariant:

U+ E= = / ’ dS'F(S") (1)




Part V

Macroscopic systems




Extensive Noether invariant

S
U+ E= = / dS’'F(S") is an extensive variable

Scaled copy
A | mm)| A V AV
N — AN
U + EZ — AV 4 EE)
E — \E
U — \U [33)

= — = == pF(S5)1sintensive!



Determination of =
= = BF(S) is intensive!
F(S;M, N) is independent of V

[r— [—
e —_—
— A — —B

A S Ba = BB

<

F(Sa;Ma,Na) = F(S; Mg, Np)

F(sa;Mp) = F(sg;Mp) s=S/N

Ma=Mp=M mmm) F(s;M)=c(M)




Universality
F(Sa;Ma,Np) = F(Sg; Mg, Np)
Ma # Mg F(s; M) = ¢(M)
c(Ma) = c(Mp) = ¢,
= =BF(S;M,N) = Be.

the universal constant of the action-dimension

If there exist no such quantity (like in 19 th century),
we may conclude that there is no transformation .....




Universality |
= = BF(S;M,N) = Be,

the universal constant of the action-dimension




Main result

The macroscopic system we study is symmetric
for the transformation ¢ — ¢t + nafh

when the domain of the action is restricted to
“thermodynamically consistent trajectories”

The Noether invariant is then

VU + E= = ahS 4+ bhN

The extensive Noether invariant provides
the unique characterization of thermodynamic entropy
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Concluding
remarks




Next problems

Whatis t — t + nhp3 ?
Relation with ¢ + 123 ?

“emergent symmetry”
e.g. Symmetry in the action for the perfect fluid

Hael et al, JHEP 2015
Boer et al, JHEP 2015

Connection with black hole entropy (as the Noether charge) ?

Unification with the second law of thermodynamics ? [ 39 ]




Entropy

Statistical mechanics

Thermodynamics Information

Entropy

Black hole Complexity

Entanglement




