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1. Introduction

To consider the superstring theory as a fundamental theory of the nature,
the nonperturbative formulation is needed.

One of the promising candidates is

& WZW-like (Open) superstring field theory

& A formulation with no explicit picture changing operator and working
well for the NS (boson) sector:
(cf. Hetetrotic , Type |l )

However, no one has succeeded to construct complete gauge invariant action
including both the NS (boson) and Ramond (fermion) sectors so far.

The purpose of this talk is to construct a complete gauge invariant action
for open superstring!

& Key points
o Utilizing large Hilbert space

o Restrict the Ramond string field
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2. WZW-like formulation (open superstring)

Superstring SCFT

(X*(2), 9" (2)) Matter c =15
(b(z),c(2)) Ghost c= —26 (1)
(B(2),v(2)) Superghost c=11

Small Hilbertspace :

Hsmau = {|matter) ® |Fock(c_n, b_r)) @ |Fock(y_,, B_¢))}
Bosonization :
B(z) = 9¢(2)e ?,  y(z) = "n(2).

Large Hilbertspace :

Hiarge = {|matter) ® |Fock(b_p,, c_p)) ® [Fock(n_.,, & ,))} @ |Fock(¢h,))}



Relation :
Hlarge > P = ® + €0a7 (2)

with ¢, a € Heman, (or equivalently, np = na= 0, (n=mng).)

2.1 NS sector
String field :
HNS s () =D i)' (a),

where the sum ¢ runs through all the states with (g,p) = (0,0) in VS

large’
and The string field |®) is Grassmann even (|®| = 0). Since the space-time
fields ¢'(x) are bosons, |i) has to be Grassmann even. We impose the GSO

projection:
1
2 = 1+ ()™ e,
with

d
Fis = 3wl v+ § 2 -08(2).

r>0



Free theory :
Equation of motion (EOM) and gauge tf.

Qnd = 0, §d= QA +nQ. (3)
If we expand as (2) and similarly A = p — §ya with np = na = 0,
n®=a, nA=—a, (4)
and (3) is equivalent to the conventional formulation:
Qa= 0, 6da= Qa.

The EOM in (3) is derived from the action

1
Sys = 5(Q®,nP), (5)

where (A, B) is the BPZ inner product in the large Hilbert space, which
satisfies

(B, Ay =(-1)""(4, B),
(QA,B) = —(-1)"(A,QB), (nA,B) = —(-1)"(A,nB).



Counting the ghost number anomaly, (A, B) # 0 iff

9(A) +9(B) = 2,

Ghost and picture numbers :

p(A) +p(B) = —1.
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WZW-like action :
A non-linear extension of (5):

Sws = S{(e7' Q) )} — 5 [ a3 {79 a7} (6)

0

where § = g(t) = e®® with ®(1) = ® and ®(0) = 0, and g = §(1) = e?.
The product of string fields is defined by using the Witten's *x-product, which
IS non-commutative but associative:

1 1
eq’:]I+<I>+§(<I>*<I>)+§(<I>*CI>*<I>)+---.




For later use, it is convenient to rewrite the action (6) as

Sns = — /0 dt(AL(t), QA (1)), (7)

where
A,() = mg)a~", Alt) = (8:9)§ -

The t-dependence is “topological”, and general variation of Sy g is given by

5Sns = — (A5, QA,))  with  As = (8g)g . (8)

From (8) the EOM becomes
QA, = 0.

Gauge symmetry :
We can show that the action (7) is invariant under the gauge transformation

A5 :QA+nQ_{AU7Q}
— QA+ D,Q,

by using Q% = D; =0 and QA, = D,Aq, where Ag = (Qg)g~".



2.2 Ramond sector
Naive argument
String Field :
Hihe 3 19) =D [)¢'(2),

where the sum ¢ runs through all the states with (g,p) = (0,1/2) in Higrge-
The string field |¢) is Grassmann even (|¢| = 0).

Free theory :
Qny =0, 0 = QA + nw. (10)

Difficulties :

A candidate of the free action vanishes:

(Qy,ny) = 0,

from picture number counting:
S P
2 2 '
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Similar difficulty? :

Closed bosonic string field: ® € Hgpnails g=2

Naive action vanishes,

(@,Q®) =0,
from the ghost number counting:
24+1+2+£6.

Propagator from the path integral is given by

> 2 46 - biby
bgbO/ dT/ — e Tho T = 2 05(1) .
0 0 27 Lj

suggests that we should restrict the string field as
Ly® = by® = 0,

or equivalently
" dO pp-
/ —M0d = d,  bigd® = d.
0
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The BPZ inner product in the restricted space is given by (A, c; B)), by
using which the action can be given as

1 _
Ghost number counting :

24+1+14+2 = 6.

Open superstring in the Ramond sector :

Propagator from the path integral in Hgqu

oc bo X
bo X / dr e 70 = 27
0 Lo

where
X = —5(Bo)Go + 8 (Bo)bo

is the PCO on the p = —3/2 states in the small Hilbertspace.

This suggests that we should use

12



Restricted string field :

nU =0, XYV = U, (11)
with (g,p) = (1,—1/2) and Y = —cpd'(79). X and Y satisfy
XYX = X, YXY =Y,

and thus XY is a projector. W is related with @ as ¥ = x + &V, so it has to
be Grassmann odd. We also impose the GSO projection:

1 A
U = 5(1+r11(—1)1’1ff)\11,
with

fll — 25¢8¢é e wg ’
Fr = Z(lﬂn?ﬁw + Y-nBn + 5—n')/n) + Y050 -

n>0
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Using the BPZ inner product in the restricted space (A, Y B)), the action

becomes .
SO — §<<\117YQ\11>> ;

where (W1, W5)) is non-vanishing iff p(¥;) + p(¥,) = —2.

Picture number counting:

Restricted space :

Expand ¥ based on the ghost zero-modes
v = Z(Vo)n(¢n + Co¢n) .
n=0

The second condition in (11) restricts W in the form,

U = ¢+ (v0+ coG), (G = Go + 2bp0)-

14



Note that X is BRST exact in the large Hilbert space; it is given on the
picture number —3/2 states as

X = {Q,0(bo)}, ©(Bo) = &0+ - .
Or more generally we can introduce

2 = &+ (0(Bo)néo — &o) P32 + (£omO(Bo) — o) P-1/2,

which is more suitable to use in the large Hilbert space, and {Q,Z} becomes
identical with X on the pictrue number —3/2 sates in the small Hilbert space.
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Ramond kinetic term :
1
S = — 4w yQw)y,  §%% = Qx
where

n’ =0, XYU = U,
n\ =0, XY\ = A\

The relation between BPZ inner products:
X is BPZ even wrt (-, -):

(XA, B) = (4,XB).

16



Can we include interactions consistently?
Order by order construction :
Expand the action S = Syg + Sk and gauge transformation as
Sns = Sys +9Sys + 9> Shs + 0(g%)
Sr= Sy +98y +4° 8y +0(g?),
and

60 =500 + g6V + g° 6% + 0(g")
§U =890 4+ gsPU 4+ g2 6Pw + O(g°).

We attempt to construct them order by order in g, starting from the kinetic
terms

1 1
Syg = —5{(®,Qn®),  SF'= - _(T.YQU).

which is invariant under tree gauge transformations
sV =qn, sPw=o0,
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with parameter A in the NS sector,
sV =na, Vv =0,
with parameter () also in the NS sector and
sVo =0, Vv =qx,

with parameter A in the Ramond sector.
NS sector:
Expanding the NS action, we obtain
1
Sys =5 (Q®,[2,72]),
2) _ 1
SNS - ﬂ<@q)7[q)7[q)anq)]]>

This is invariant at O(g) and O(g?) :

505G +6WsC =0,  §95C, 4 6Ws() 4850 =0,
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under
1 1
e = —[2,QA],  5MVe=—12,[2,QA]],
and

1
6 =S [®,n],  5;"Ve = [, [2,4Q]].

N |-

Including Ramond sector :

Cubic order

Counting ghost # and picture #, an allowed candidate of S%l) has the form
SV = (@, 17),
with a constant a; to be determined.
The gauge tf. (1) is determined by requiring
505 4 sWs0L + sMs) = o.
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The variation under 51(\0)@ is given by
608y = a1 (QA,T°) = —ay ({¥,A},QT). (12)
Here, due to the restriction (11), a term of the form
5S = (B, QU )
can be rewritten as

§S = (EnB, XY Q)
= (nB,XYQV¥) = (XnB,YQY ),

which can be cancelled by the variation of the kinetic term:
§SW = — (60, YQW)Y).

if we take §¥ = XnB. From (12), we obtain
s = —a; Xn{W,A}.

20



This dW is consistent with the restriction:

né¥U =0, XYSU =45U.

On the hand, the variation under 58”@ Is given by

558 = an (09, 07) = i (Q, (n¥) ¥ — ¥ (n¥)) = 0.

Hence 552”\1! = 0.
Similarly, the variation under 5&0)\11 is given by

58 = a1 (@, (QA)U) 4+ oy (@, T (QN))
= —a ([T, N],QP) — a1 ([®,A],QT)
= —a; ([T, nEN],QP) — oy ([®,nEN], QT )
= a1 ({V,EXA},Qn®) + a1 ({n®,EX},QV),

which can be canceled by

SN0 =a {v,EA}, V0 =, Xn{n® EN}.

21



Quartic order:

Let us construct Sg) such that

5052 4 WS L +6WsH) + 6Tl +6PsY = o.

The variation of S](%l) under 51(\1) Is given by
60y = —al (@, (Xn{¥, A} W) — o} (@, (Xn{¥,A})).
- S {1®,QA] ¥
Using X = {Q, =}, we can rewrite it as
50 = o (QA{ ¥, Z{n®, ¥}}) + - (QA, [#,¥°])

+of ({U,E{T,A}},Qn®) + of ({n®,E{¥,A}},QV)
+of ({E{n®, U}, A}, QV).

From the first term on the right-hand side we can guess

S](D?) = 2 < D, {\Ija = {77(I>a \Ij}}> )
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with a constant asp to be determined. From the variation of S](? under 5/(\0)613,

5S%) = 205 (QA {U,E{n®, U}}) — az (QA, [ &, ¥7]),
we find
6V1SE + oSy = ({w,2{¥,A}},Qn@) ~
+({n®, Z{¥,A}},Q¥) + ({E{n®, ¥}, A},QV).

If we take

O51:_17 &y — — —.

(13) can be cancelled by

§PND = (W, 2{T,A}},

50 = Xn {E{n®, ¥}, A} + Xn {n®, E{T,A}}.

Similarly, the variation of Sl(%l) and Sg) under 58)<I> are given by

1 1
558 = — S ([2,10),¥°) =~ (nQ, [®,¥7]),
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and

s

— = (92, {%,Z {12, U}})

(19, (0, [®,9]}) =

respectively. From

we have

558 + 648y, =

58 =0, YW

Finally, the variation 6" 5} is given by

(1) () _
5)\ SNS T

N | =

(50D, {Q®,nd}) =

N~ N~

(EX, [{QP,n®}, ¥]).

— S (n0 12, ],

0,

=0.

({¥,EA}{Q®P,nP})
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While the variation 6{"5% is given by

oSk = ({w,Ex}, ¥°)
+ (2, (Xn{n®,BA})¥) + (2, ¥ (Xn{nP,EXr})).

The first term on the right-hand side vanishes:
({W,BX}, %) = — (BN, ¥7) + (EX, ¥7) =0.
The remaining terms are summarized as

sV = — (n@, ({Q,E} {n®,EX}) T) + (n®, T ({Q,Z} {n®,EA}))
= (2, [1®,{Q, =} {n®, T} ]).

Similarly, we find
1 1
58K = — 5 (2. {QNENE (n2,¥}}) — - (@, {¥, = {n®, QnEA}})
1
= (EX,Q (n2.E{n®, T}}) + _(EX, Q{[2,72], ¥}),
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by rewriting QA as Qn=A. Then
S+ a5+ o
= — S {EA{Q2,09}, W) + (2N, [19,{Q. 5} {n®, ¥} ])
+(EN Q9,2 (19, W3}) + 5 (X, Q{[®,72], ¥}
= — ({0, E{n®,2A}} + {E {n®, ¥}, 2}, Qn®) + - ([®, {2, 27}, Q@)

— ({n®,= {n®,22}},QU) — - ({[%,78], 50}, Q¥).

These terms can be canceled by
1
0 = — (V.2 {n®,2)}} — {E{n®, U}, EA} + S [@, {¥,EN}].

— — 1 —
S = — Xn{n®, = {n® EA}} — < Xn{[@,n®],EA}.
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A summary so far:

NS action:

SNS:%<Q(I),T](I)> + %(QCI),[CD,UCI)]) + i(QCD,[cI),[cI),ncI)]” 4o

Ramond action:

Sk = —%((\IJ,YQ\IJ)) — (D, T7) —%(CI),{\IJ,E{ncI),\IJ}}> 4.

The gauge tf. with A:

518 = QA — - [#,QA] + —— [@,[9,QA]] + (¥, 2 {¥,A}} + -

The gauge tf. with :

1 1
5o® = nQ + 5[c1>,nQ] + E[cb,[cp,ng]] 4

Y
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The gauge tf. with A:
1
— {2{nP, U}, EN} + 2 [B,{T,EA}] + -,

NY =QN—Xn{n®,=EA}

1 —
— Xn{n®,=2{n®, EA}} —§X?7{[<1>,77<I>],:>\} 4o

28



3. Complete gauge invariant action

We finally obtain a complete action S as

S = —%«xv,m\v»—/o dt ( A,(t), QA (1) + (F(£)T)?)

where linear map F' is given by

F)T =T + 2 {A,(t), T} + E{A,(t), E{A (1), T}} + ...

=30 E{AW), E{A®), - E{A (1), ¥} .. }},

which satisfies D, F = Fn.
We can show that the action S is invariant under the gauge tf.

(6e®)e ™ = QA+ D,Q+ {F¥, FE ({FU,A} — \)},
U = QA+ XnFED,({FU, A} —\).

29



4. Supersymmetry

Perturbative construction
At the linearized level

V¢ = 02w, §Jv = xXone,

where
dz

()
Q = €,q9", qg" = %—,aa(z)e_7(z).
271

Requiring the invariance, we find

1
55 @

1
§[<I>, Q=EV]| — Q=E[P, V]| + {V,=ZQD},

(1) 1 -
0¥ = — S Xn[®, Q] + Xn[®, EQnP].
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5% = 1—12[<1>, (@, O=V]] — [E[®, U], ZOnd] + %[E[(I), T, O]
+ %{[CI), U], 20d} + %{xp, ={n®, 20D} + %{\D, =[®, ZE0n®|}
~ Q=[®, E{n®, ¥} - LOS[n®, =[, V],
5PV = _Xn[2,[2, Q3]+ Xn[®,5[Q, n¥]] + ; Xn{n®,E[2, 5Qn3]}
+ 5 Xn[®, Zln®, 20ne]],
and so on. We can finally find the action is invariant under

A5y = g(QE(g™ FVyg))g~" + {FT, FEAg},
5Q\If — XT]FED,UAQ,

where

Aso = (609)9~", Ao = (Qg)g~".
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We can show that it satisfies the algebra

A[5Q1’5Q2] = fg (QAp12 —I— [F\If, FE (ple\IJ —I— [F\Ij, Ap12])])

+QA12 —|— {F\Ij7 FE{F\Ija A12}} + Dn912 9
[60,,00,]¥ = XnFZ= (p12FV + [FT, A, ]
—|—X’I’]FED77{F\IJ, A12} y

up to EOM, where

dz (x
pi2 = —|Q1,92 = (e1CH €2) TIW(Z)G 22
i
and A,., = (p129)g~". The linear map f acts on the NS string field A as

1
A = A.
! 1—f<77_D?7)
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The gauge parameters A5 and (215 are given by
Aig = fE(QIFEQ2 A, — Qo FEQ 1A, — [FEQ 1A, FEQ2A,)]) + fEA,,,
Qiz = 00,00, — [Asg, 5 Ro,] = 00, Q20; + [Asg,, Q204] + [Ro;, Dnf2g,]
— fE(QA 1 +{FV, FE{F¥, A12}}) ,

with
Qo = f¢(9(QE(g ' Fg))g ' + {F¥,FEAG}) .
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5. Summary and discussion

Summary :

& We have constructed complete gauge invariant action, including both
the NS and Ramond sectors, for open superstring field theory.

& The key points are to utilize the large Hilbert space and to restrict
the Ramond string field. The gauge symmetry is compatible with
the restriction.
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Remaining tasks:

Y Confirm the perturbative amplitudes are correctly reproduced.

For tree level 4- and 5-point amplitudes,
Kunitomo, Okawa, Sukeno, and Takezaki, in preparation.

* Quantize a la Batalin-Vilkovisky. Compute loop amplitudes.
A structure is usefuel.

* Extend the formulation to heterotic string field theory.
Partially given by

% Clarify the relation to the Sen's formulation.

% Extend the formulation to type Il string field theory.
Study Ramond-Ramond sector, (and also AdS/CFT?).
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The susy tf. can be rewritten as

Asy = fE(QFT + [FU, FEQA,]) + D,Qq,
5Q\If — X?]FEQAU,

with
Qo = fE(g(QE(g™ 'Fl¥g))g "+ {FV,FEAg}) ,

up to EOM.
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