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Plan of my talk

1. General theorems on NGBS (30 min)
* Low energy effective Lagrangian

e General counting rules/Dispersion relations
 Anderson Tower of States

* Interactions

2. Englert-Brout-Higgs mechanism
without Lorentz invariance
 mistakes in existence literature

* Necessity of breaking rotational invariance
e or prepare copy of the system to neutralize



General theorems on NGBs

HW and H. Murayama, Phys. Rev. Lett. 108, 251602 (2012)
HW and H. Murayama, arXiv:1402.7066.
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The definition of NGBs -

 Gapless modes
(fluctuation in the flat direction may have a gap
e Fluctuation in the flat direction of the potential

= transform nonlinearly under broken symmetries
+ transform linearly under unbroken symmetries

) Magnets with unbroken S, z
Superfluid & s

/ rotation around y (broken
0 =10 + € / v / ) ol
on, = €y,0n, =0 &) -,
c.f. linear transformation v 0N
—f — rotation around z (unbroken) -
v = Mu n= | ony

ony, = —€0ny, on, = +e,0n, 1



Flat direction of the potential

Lie group G: symmetry of the Lagrangian
Lie group H: symmetry of the ground state

Coset space G/H: the manifold of degenerated
ground states.

dim(G/H) = dim(G)—dim(H)

= the number of broken generators

j G =S0(3)
e ((97¢) H =S0(2)

U(1)/{e} = St SO(3)/S0(2) = S2



Example of NGB (1):
Magnets
Symmetry of the Heisenberg model: G = SO(3) (3 generators)

Symmetry of (anti)ferromagnetic GS : H = SO(2) (1 generator)
Two (3 — 1 = 2) symmetries are spontaneously broken

Ferromagnets Antiferromagnets
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g(k) e(k)
e One NGB e Two NGBs
e Quadratic dispersion * Linear dispersion
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Antiferromagnet No net magnetization (S, )
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The time reversed motion is not a low-energy fluctuation






Example of NGB (2):

Spinor BEC

G = U(1) x SO(3) (4 generatosr)
- H =S0(2) (1 generator)
4 — 1 = 3 broken symmetries

Only 2 NGBs

e one linear mode (sound wave)
e one quadratic mode (spin wave)

amplitude/
mode = |

-0.02

0.00

Dan Stamper-Kurn et al
arxiv:1404.5631



Example of NGB (3):
more high-energy side example

L = D D' —m?yty — 2 (1)
w — (¢17 ¢2)T

Symmetry of the Lagrangian: G = U(2) (4 generators) <¢> o (O 1)T
Symmetry of the condensate : H = U(1) (1 generator) — UY,
Three (4 — 1 = 3) symmetries are spontaneously broken

D, =0y +iud,,0 (u: chemical potential)

g(k)
Qo m=0.5

3_ d_ﬂ—f

amplitude mode > 23}

a fluctuation in G/H = 2

1.5}
i1t
0.5}

V. Miransky & I. Shavkovy (2002)

Only two NGBs (gapless)
 One quadratic
 Onelinear

(@3) # 0

T. Schafer et al. (2001)



Questions

* |In general, how many NGBs appear?
* When do they have quadratic dispersion?

 What is the necessary information of the ground
state to predict the number and dispersion?

 What is the relation to expectation values of
conserved charges (generators)?

Y. Nambu, J. Stat. Phys. 115, 7 (2004)
<[Qa, Qb]> 7& O ® Their zero modes are conjugate. Not independent modes.



Our approach

H. Leutwyler, Phys. Rev. D 49, 3033 (1994)

Low energy effective Lagrangian
= Non-Linear sigma model with the target space G/H

+ derivative expansion
 G/H :the manifold of degenerated ground states
e Effective theory after integrating out all fields with a mass term

i.e., those going out of G/H (amplitude fields)

o

O@ Q@Y (9, ¢)

U(1)/{e} = St SO(3)/S0(2) = S2

1 1
L — iﬁlﬂﬁ"“ﬁ L — §a“ﬁ . 8“73,’



How to get effective Lagrangian?

e 1. From a microscopic model W = /o + one—*
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_ L Mo apl s i)
—2g6’ 2mV6’ Vo 2(5n 6/g)

e 2.Simply write down all terms

allowed by symmetry (+ derivative expansion)

For example: 1 6,2
the mass term is prohibited by symmetry



General form of effective Lagrangian

* Inthe presence of Lorentz symmetry

1
L= o Jab (m)0, 0" 7"

* |In the absence of Lorentz symmetry
1 1
L= cq(m)7 + §§ab(ﬁ)ﬁaﬁb — §gab(7T)V7Ta A%

dominant at low-energy

Taylor expand c.f. canonical conjugate between
1 Goldstone mode and Amplitude

-a = a-b 3 . .
oM = =g+ O() Lsp 3 ity = —nf

Canonical conjugate relation
between n? and t? in the low-energy limit

— 8_£ _ 1 ra ( Only 1 low energy mode. '
Pb = orb 2:‘)@5 May be an independent high energy mode) ’F‘\i %



General counting rule

Using the symmetry G of the effective Lagrangian, we can prove
antisymmetric matrix p,, is related to commutator of generator!!

a 1 a-b 3
Ca(m)T" = T PabT™ T +O(n) () : volume of the system
3 1
LPab — <[Qa7]g($7t)]> = lim §<[Qa7Qb]>
— 00
= k 1
m=rankp ([0 o \
(nt, 2), (3, ), ..., (™, o) a0 0
— Canonically conjugate pairs! . ;
S S
c.f. »CSF > n@ term in superfluid 5
0, 0,




General counting rule

e type-A (unpaired) NGBs | oo 0
n,=dim(G/H) - rank p p—

 type-B (paired) NGBs 5
ny=(1/2)rank p \ 0 0 }

e The total number of NGBs
n, +ng =dim(G/H)—(1/2)rank p

P = 0

iPab = ([Qur 2@ D)) = lim = ([Qs Q)

QO—o0 ()




Dispersion relations

1
[ — — igab(O)Vﬂa-Vﬂb—I—-“
w w? k*
e Type-A NGBs: linear dispersion (Type-1 NGBs )

e Type-B NGBs: quadratic dispersion (Type-Il NGBs )

Nielsen-Chadha’s counting rule c.f. Ripple motion of a domain wall

n, + v, n, > dim(G/H) = Goldstone mode of translation
Superfluid A
H. B. Nielsen and S. Chadha (1976) $} — — -
Superfluid B

We proved the equality!
n, + 2ng;=dim(G/H) w? = k32



Effective Lagrangian for magnets

Ferromagnets
n*nYy —nIn®* g -,
L=—m _|_g n——@n o;n
1 4+ n? g
nA-dlm G/H)-rankp=2-2=0
=(1/2)rankp =1

Antiferromagnets

n,=dim(G/H) -rankp=2-0=2
ng=(1/2)rank p =0

m = 0 — O : magnetization density
Sivs' —
ng:<[ mm:(?% 8”) rank p=2or0



Anderson Tower of States

Ref: (textbooks) Sachdev, Xiao-Gang Wen, PW. Anderson



Antiferromagnet on a squrelattice

Simultanous diagonalization of H and S$?=S(S+1) (in the sector S,=0)

N = 20 is the total number of sites
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The exact ground stateisa |S=0, S,=0 >
(Marshall-Lieb-Mattis theorem)
However, this state does not have a Neel order.

(52, Néel order] # 0

A symmetry breaking state with a well-defined
order parameter is a superposition of low-lying
excited state with energy S(S+1)/V = 1/L¢

On the top of it, there is a Goldstone excitation
with the excitation energy 1/L.

Well-separation of two energy scales
in dimensionsd > 1

Claire Lhuillier, arXiv: cond-mat/0502464



Bose Hubbard model on a lattice for t>>U
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V. Alba et al.

http://www.mpipks-dresden.mpg.de/~esicqw12/Talks_pdf/Alba.pdf



Tower of States
from the effective Lagrangian

Nonlinear sigma model
p — —
£—2—v2n i — &m-&;n

1}2

M= 5 s+pan oit, 5= (p/vd)ii x 7
0

Fourier transform:

k
S = /dd.cz:‘ S(%,t)



(N — Np)?

Superfluid Hros x ~——

: G2
Antiferromagnet Hros o

p’z
Crystals Hros o
mnoV
Ferroma net H —0 Symmetry can be broken even in
g TOS — a finite size system / 1+1 dimension

n>2

From this argument, softer dispersion E = p"”< seems impossible!

What happens when both type-A and type-B present?



Interactions



Scaling of interactions among NGBs

e Quadratic part (free) part of action

g — = i e- a . a O = =
S&ie'A = /ddxdt (gabT(O)iT“frb — gab(0) Vr?. V?‘(‘b) IR B _ /dda:dt (—%ﬂ'aﬂ'b _ 9 b >V7ra . Vﬁb>

e Scaling of fields to keep the free part
1—d

i - _d S
% (aZ,at) = a2 7T, 1) ; (o, a’t) = a” 27 (Z, 1)
* Most relevant interactions |
d4xdtV2r?, d%zdtoir? - d%dtVir®, d%adtogn’
e Their scaling raw and condition for the free fixed point
_1-d | _d
a2 = d>1 ; a2 = d>0

e SSBin 1+1 dimensions is OK!
Symmetries will be restored e Order parameters commute with H

in 1+1 dimensions (Coleman’s theorem) —> GS is one of their simultaneous eigenstates
- No quantum fluctuation



Superfluid-
Superfluid

interface 0

2D Crystal of
electrons
in 3+1 dimenisons

Kd(_\ __inthe bulk
X {‘)

HW and H. Murayama, PRD (2014)
. H. Takeuchi and K. Kasamatsu
Ripplons oo

Bogoliubov phonons

3/2
w o< k37
fluctuation of the domain wall
1 w? 5
L~ 5 [(m1n1 + mgnz)? — ok U_puy
photons in the bulk

---------- S8 S T TN TG S SR

lattlce v1bratmn L/\

L= 2[mn0w noe k] _pug



Non-Fermi liquid through NGBs

e Usually, interaction between NGBs with other
fields are derivative coupling ¢T€¢ : 69

interaction vanishes in the low-energy, long wavelenghth limit

e However, there is an exception

quasi-particle
excitations near FS |;> non-Fermi liquid behavior
@

(<]

E Goldstone mode

(orientational mode) ;> Landau damping

V. Oganesyan, S. A. Kivelson, and E. Fradkin,
Phys. Rev. B 64, 195109 (2001).

.
------

e | pinned down the condition for NFL:

[Q, P] =0 HW and Ashvin Vishwanath, arXiv:1404.3728



Englert-Brout-Higgs
mechanism without Lorentz
Invariance

HW and H. Murayama, arXiv:1405.0997.
HwRE
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