Neutrino flavors within the left chiral environment of the st andard
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Abstract
In this lecture the general discussion of the seesaw mechani sm will be complemented
illustrating the difficulties of gaining a profound extensi on of knowledge from the experimental
information behind the presently observed neutrino flavor o scillation patterns, without at the
same time beeing driven to relatively large violations of le ptonic numbers, not observed so far.
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1-1 There does not exist a symmetry — within the standard mode | including gravity
and containing only chiral spin % 16 families of SO (10) —

which could enforce the vanishing of neutrino mass(es) .

The divergence of the current associated to the global charg e B - L for three standard model families of
15 base fields — in the left chiral basis removing — to infinite m ass — the 16-th components (N )
pertaining to one full 16-representation of SO (10) [ spin (10) ]

vy — L
ul w? uwd v | N uw? u? atl
) dl d? d% e~ | et 4% 42 4t
= (f)"
and admitting a gravitational background field is in this min imal neutrino flavor embedding anomalous ,
l.e. the global symmetry is broken by winding gravitational fields [1-2001] . —

o |
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Jo(B — L>|3><15 —
_ (u*)aé(o_u)a’y(u>’yc_(a*)o¢C(o_u)a’y(a\),-yc. -
@D (o) oy @7 = () )0y ()

— (e )" (ou)as (e )+ (et) " (ou)gs (et)?

(1) (o) s (v)7

Wl

Jor = € ’5 My € metric e’é :vierbein ;™ : hermitian operator conjugation
(u*)*° = (u & c ) 5 nu = diag (1,—1,—1,—1) : tangent space metric
¢ ( ¢ ) : color and anticolor ; ¢ = 1,2,3

(2)

The contribution of charged fermion (pairs) q,q; e T canbe combined to vector currents — Dirac

doubling— ¢y, q; €ype with g —u,d,c,s,t,b;e — e, u=, 77
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The anomalous Ward identy for the B - L current ( - density ) defi ned in eq. 2 takes the form
Atz \TgI D€ jo(B — L)| 35 =3A1(X)
A(X) = —LtrX?2; (X)*, = 5=

3)

Riemann curvature tensor

( R b ) or mixed components: ¢ ; — tangent space

w v — covariant space

DQjQ(B_L)|3><(16):O —

Before discussing the extension

jo(B — L)| 3x(15) — Jo (B —L)| 3% (16) Which renders
the latter current conserved, lets define the quantities app earing in eq. 3 :

(R® ), =enevw (R" v) eby = Nppr el
(4) (R“,/)QT:(aQPT—aTPQJrFQPT—FTPQ)“V

(ot ) _ :matrixvalued (GL (4, R)) connection; minimal here

o
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For clarity eq. 3 is repeated below

A4\ D jo(B — L)y =3A1(X)

A - _ L 2 . a - 1 1 % T a

A1 (X) = —gtrX? 5 (X)) y = g7 5dz? Ada™ (R® ) |
(3) Riemann curvature tensor

(Ra b) or mixed components: ¢ ; — tangent space

w v — covariant space

D¢ jo(B - L)

|3><(16) =0 —

neq. 38 A(X — \) = % A / sinh ( % X ) denotes the Atiyah - Hirzebruch character or A —
genus [2-1966] with its integral over a compact , euclidean s ignatured closed manifold M 4 , capable of

carrying on SO4 - spin structure , becomes the index of the ass ociated elliptic Dirac equation

(5) /A(XE):nR—nL:integer
Ineq. 5 n g, 1, denote the numbers of right - and left - chiral solutions of th e Dirac equationon M 4 . The
index p — X g shall indicate the euclidean transposed curvature 2 - form, and is adapted here to

physical curved and uncurved space time . —

_p8
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For the latter case the first relation in eq. 3 yields the integ rated form — in the limit of infinitely heavy
NE(eq.1)-

Ap_rn, = /d4x | g | D“’jf_L(lE)) — 3An(A)
(6)

3 = number of families = odd ; my, — 0

Ineq. 6 A r_1, n, denotes the difference of right - chiral (7 ) ® and left - chiral ( /) flavors between
times t — 4 00.

Here a subtlety arises precisely because the number of families on the level of GG gz isodd, and the
light neutrino flavors are not 'Dirac - doubled’ , which accor ding to eq. 6 could potentially lead to a

change in fermion number being odd , which violates the rotat ionby 27 symmetry, equivalent to @ 2
( CPT 2 ) , unless P,

(7) An(A) = even (/ for dim = 4mod 8)

2 Ve = €4 g (v*)7 ;e = io2; (2ndPaulimatrix ) stands for the left-chiral neutrino

fields transformed to the right-chiral basis .
b The obviously nontrivial relation between the compact Eucl idean - and noncompact asymptotic and
locality restricted form of the index theorem involves not ¢ learly formulated boundary conditions .
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We now turn to the SO (10) inspired cancellation of the gravit y induced anomaly, giving rise to the

completion of neutrino flavors to 3 families of 16-plets , som etimes called 'right-handed’ neutrino flavors,
denoted M in the left-chiral basis in eq. 1 [3-2007]

ul w2 w3 N @3 a? gl ok
1) d' d? d¥ e~ | et a® 4?2 d!
= ()7
(8) Jo(B — L)lsy15 = Jo(B = L)1

d*2x\/|g| D? jo(B — L)|z,5 =3A41(X)

1 _ 1 2 . a 1 1

A1(X) = —gztrX? 5 (X)" = g7 5dx? Ada™ (R ) |
(3) Riemann curvature tensor

( RrR® ) or - mixed components: ¢ ; — tangent space

u v — covariant space

DQjQ(B_L)|3><(16):O —

-p.10
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- N

je(B = L)lgers = do(B — L)l gyis =

@) (0p) s @)= @) (), @)
@) (o) s T ()" (o), (4)

—(e7) " (ou)as () + () " (o) 0y (eF)”

— ()" (0u) s (17T + (M) (0u)qq (M)

A\

Wl

7

Jor = eg Muv €5 metric eg . vierbein ;™ : hermitian operator conjugation
(u*)“ ¢ = (u o C) o Nur = diag (1,—1,—1,—1): tangent space metric
¢ (C) : color and anticolor ; ¢ = 1,2,3

DQjQ(B_L)|3><(16):O -

(9)

o |

-p. 11
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Let me illustrate the triple-doubling inherent in the elimi nation of the anomaly in the covariant divergence

of jo (B — L)| 3,5 ineq. 2as seen through the left-chiral basis , repeating onl

components of the B - L currentineq. 9 ||

jQ(B - L)|3><16 —

Z fmlies

(10)

vp Np
B—L|-1 +1

)

)T (o) oy (M)

A\

F = 1,2, 3 family

ythe v, N

—-p. 12
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1-2 There does not exist a symmetry — within the standard mode | including gravity and containing only
chiral 16 families of SO (10) — enforcing the vanishing of neu trino mass(es), yet there exist chiral

extensions, which accomplish this .

Here | briefly describe one such extension. It consists of rep lacing in each family the SO (10) induced
N g flavors by four alternative ( sterile ) Xj— 2.3,4,5;  flavors, singlets under the electroweak

gauge group with genuinely chiral B - L charges, changing the structure in eqg. 10 to

jQ(B - L)|3><16 —

5
2o F —(V)*O‘(Ju)aﬁ(l/)ﬁ +Z(X)J(XJ)*O£(UM)ON'7(XJ);Y

u}:XﬁF X;’F X;’F XZ’F XQ,F
F = 1,2, 3 family
B — L J=1,2-,5
—1 —5 -9 7 8 ’ ’

o -

-p. 13
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The genuinely chiral couplings () j=1,....5 = [—1, =5, —=9; 7, 8] for neutrino flavors as

shown in eq. 11 with 5 chiral base flavors merit some comments :

1) a sequence of charges (X) 7, dJ = 1,---, N with respect to the left-chiral basis — to be specific —

shall be called genuinely chiral , if none of the charges vanishes and no pairs of opposi

te charge
[ £ (x) ] are admitted.

2) the absence of an anomaly of the associated chiral current , of the form given for neutrino flavors in

eqs. 2, 8'and 11 including also gravitational fields leads in 4 dimensions to the two conditions

(12)

STs=0, ST 10s]1°=0

3) there does not exist a genuinely chiralset  {(x) s, J = 1,---,N } for N < 5 .

For N = 3,4 it is equivalent to show that the two equations

A+B=C+D, A3+ B3 =C3 4+ D3

(13) A=z —-a,B=2z+4+a,C =2 —-—b,D =2z2+ b—

ra? =xb? — { x=0o0o z#0;b==*a

have no solution, satisfying the conditions for genuine chi rality .

-p. 14
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4) There are infinitely many solutions for N > 5, with chiral charges relatively irrational as well as

rational . For integer values and N =5 withthe norm | (x) | = >_ | (x) s | the solution with
smallest norm is unique up to an overall change of sign 3
(14) (X)J:[_17_57_9a778]

Some conclusions from sections 1-1 and 1-2 .
C1) The oscillation phenomena indicate clearly , that a genuinely chiral extension of B - L to a
conserved, global symmetry, generatinga  continous U1 - group of tranformations, is not involved.

C2) On the other hand the binary code of a ( minimally) suppose d unifying gauge group SO or spin (10)

could, if B- Lis not gauged, equivalently generate a global symmetry of the vect orlike nature. The

latter however would allow neutrino mass through the ( elect roweak doublet-singlet ) pairing
(15) — L M :,prg./\/'fl/"yG—l—h.c. - F,G = 1,2,3 family
without symmetry restrictions on the mass matrix UG ineq. 151

It is due to Paul Frampton , on a beautiful morning in 1993 , alo ng the coastal range above the

mediterranean sea near Cassis, France .

-p.15
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f C3) Then however the question arises, why the mass matrix [, involving the scalar doublet(s) within
the electroweak gauge group, also generating masses of char ged spin % fermions, gives rise to
very small physical neutrino masses. Thus we follow the hypothesis that SO (10) is gauged and
that it is the large mass scale of the gauge boson associated with B - L in particul ar, which

distinguishes neutrino flavors [4-1975], [5-1975], [6-197  6].
2-1 The Majorana logic [7-1994] and mass from mixing —

setting within the "tilt to the left’ or 'seesaw’ of type | ( ce)

Within the subgroup decompositions of SO (10) the 'tilt to th e left’ does not appear obvious

spin (10)
/ i N

spin (6) = Su4 X spin (4) = SU2 X SU2 R

lepton number as 4th color [8-1974]
! !

SU3. X Ulp_ g X suz2y X Uly,

N\ /

SU3. X Ulg., ..

Qe.m./€:IBL+13R+ %(B_L)
(16)

-p. 16
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In eq. 16 the conserved charge-like gauges are marked in red.

The large scale breaking of gauged B - L or 'tilt to the left’ was not assumed essential in refs. [4 -1975] -
6-1976] and brings about a definite 'mass from mixing’ scena rio [9-1977] , [10-1979/80] to which we turn

below.

The Majorana logic characterizedby N

Here we consider the alternative subgroup decomposition
17) spin (10) — SU5 x Ul j,

Among the 3 generators of spin (10) commuting with SU3 c, 131, 13Rr, B — L andforming part of
the Cartan subalgebra of spin (10) there is one combination, denoted J 5 ineq. 17, commuting with its
largest unitary subgroup SU5 .

The 16 representation in the left-chiral basis displays the charges pertinentto  J 5 normalized to integer
values modulo an overall sign — as in the discussion of genuinely chiral Ul-chargesineq. 1 | 4 - but here

referringto N = 16

While the Majorana logic indeed opens a 'path’ to trace the or igin of the 'tilt to the left’ , the origin of three

families remains unexplained at this stage. —

o |

-p. 17
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o N

The associative Clifford algebras  {I"p, 4; C} D { I's ;R } are constructed in sections
4-la — 4-1c, 4-2 and Appendices A, B forming the complementary mate rial to the present outline .
p , g denote time like ( p ) and spacelike ( g ) dimensions of spac e-time .

Fig. B1 shows the repatrtition of real ( Maj-r ) and complex (Ma  j-c ) character of irreducible

associative , real ( Majorana ) Clifford algebras with their characteris tic mod 8 property relative to q - p

[11-1982].

These representations form the roots of the 'Majorana logic " discussed below . —

-p. 19
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(f)7 = L
dt d? d® e~ | et d3 d? d!
(18)
1 1 1 =3 \ 5 1 1 1
Jy —
1 1 1 -3 | 1 -3 -3 —3
The assignment of .J 5 — charges in eq. 18 follows from the fermionic oscillator repr esentation of the
spin (2n) associated I algebra through n such oscillators and the associated embed ding

spin (10) DO SU5 [12-1974] forn = 5 here [13-1980]

{as,al}zést s, t = 1,2---.n {as,at}:O:{al,aI} —

(19) I

a.sas
n o o n
Jn:§S:1 . :2n—nﬂ2nx2n;n=§3:1alas
— QA sAg

o |

-p.20
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The eigenvalues (X) and multiplicities (#) of J p,

(X) n n— 2 n—4 —n + 2 —n
(20) n n n n
0 1 2 n—1
The orthogonal series for n even <= real (spin (8) , spin(12) - -- ) has another decompostion within the
associated I' algebra, than the one withnodd <+~ complex ( spin (10), spin (14) --- ). We give here

the explicit numbers according to eq. 20 forn =5, i.e. spin (1 0)

(X) 5 3 1 ~1 —3 —5
5 5 5 5 5 5
(21) (#)
0 1 2 3 4 5
sus | {1} {5} {10} {10} {5} {1}

The subset of states in blueineq. 21 | (X) = {5, 1, —3 } forms the 16 representation of spin 10,
while those inred (X) = {3, —1, —5 } the complex conjugate 16 . —

o |

-p.21
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This opens the 'path’ of linking the 'tilt to the left’ with a s ubstructure based on the primary in strength

breakdown of the local gauged chargelike symmetry associat ed with
(22) Js = —4I3r + 3 (B — L)

J 5 as defined through integer eigenvalues (X)) givenin egs. 18 and 21 is normalized differently from
the other Cartan subalgebracharges I3, Isr, B — L

‘QC"QZZ{M;}(QC(JU))Q ’ ‘IBL‘2:2, ‘133‘2:2

|B—L|?=18 | |J5|% = 80

(23)

The consequence as far as neutrino-mass and mixing is concer ned follows from identifying the Js
direction with a major axis of primary spontaneous gauge-sy mmetry breaking , bringing about the
'tilt to the left’ fromeq. 15

o

-p. 22
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H v = ,ujpg./\/’,fl/;yG + h.c.+H

(24) HM:%MFGA@FNWGJF}LC. . FG =1,2,3
Mpg = Mgpr : complexarbitrary otherwise —; | M| > | u|
It is the primary breakdown along the direction of J 5 which contrary to all ‘'mirror complexes’ brings on
the level of (pseudo-) scalar fields to the foreground the com plex bosonic 126 and 126 representations of
S0O10
H yp —

T 3 : 126 16 16

(25) ((I’l%FG) (fat6r)s (foi66)” C : , + h.c.
a

—— 3 —
( $ 126 F G ) . (pseudo-) scalar fields inthe 126 representation of SO (10)

126 16 16
Ineq. 25 C denotes the coupling coefficients, projecting the

£ a b

symmetric product of two 16-representations of spin (10) to the 126 representation of SO (10) . —

o |

-p.23
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The 126 complex representation of SO (10) is singled out by the value of Js of 10 = 2 X 5N N .
The relatively complex conjugate representations 126 @& 126 are contained in the real, reducible
fivefold antisymmetric tensor representation of SO (10) dec omposing into the irreducible pair upon the

duality conditions

tlA1 A2 As] : Aq1...5 = 1,2,---,10
1 2 5}
t[AﬁlATFQ"'AW5] = sgn tlA1 A2 As]
7"-1 7"-2 o« o o 7"-5

[B1 B2 - Bps] [A1 Ay - As]

1 o .
asAl"'AE)Bl"'BE)t:l: —(:l:r&)tj:
1 2 10
eAl...A5A6...Alozsgn €A771...A7T5AW6...A7710
T T2 o T10
€12..-.10 = 1
(26)

—-p. 24
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.

ithin the complex spin ~ (2v = 47 +2) , 7 = 2,3, --- series— T = 2 <« spin (10) —the

-

relatively complex conjugate spinorial pair of representa tions with dimension 47 <« 16(64, ---) and

the complex selfdual-antiselfdual pair of representation s with dimension

4T + 2

% — 126 (11.12.13 = 1716, - --) areintrinsically related for 7 = 2,3,4,---

27 + 1

Some conclusions and questions from section 2-1 .

Q1) Is it enough to consider the primary breakdown and its cha racteristic, the 'tilt to the left’
concerning 3 families, as due essentially to spin (10) , which is the lowest simple spin group along
the complex orthogonal chain ?

It has been argued interestingly by Feza Gursey and collabor ators [14-1975], that it is the chain of
exceptional groups which encode intrinsically the number 3 , Which in turn underlies the 3 as the

number of (left-chiral) families as well as the strong inter action gauge group SU3 ..

Al) I think the answer is to the affirmative, since all higher g auge groups , including the exceptional
chain and especially E8 , but also spin (14) , (18) do  not explain the #3 of families , rather generate
together with even the apparently correct 3 families — for E8 — also mirror families — 3 for E8 , and

powers of 2 for the orthogonal chain with T > 3.

o

-p.25
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Al) continued

The tentative conclusion remains, that the structure of fam ilies has to be explained outside
spin (10) and also outside larger unifying gauge groups containing spin (10) , whereas the origin of

neutrino mass is layed out by the lowest member of the complex orthogonal chain  — spin (10) .

C4) The two apparently different phenomena of a) tilt to the left’ and b) baryon number violation are
intrinsically associated with the  unusual sequence of (pseudo)scalar fields generating primary

breakdown . We use the notation (eq. 17)

spin (10) — SU5 x Ulj, — SU3. X SU21, X Uly = G s.m.
[16] = {1} +5 + {10} +1 + {5} -3

“me = + (T}, B) .,

Gl =[Gy, « a2y

-3

-p. 26
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(p)scalar SO (10) active induced preZirV:d
representation components (a)symmetries gaug
group
1126 ] (1} P : tilt to the left’
[m]c — {T}+1O NN mass, B — L SU5
C —10 cP |
24
[45]R}/—> t24)o | B,L,| CP G s.m
] ( 1,1 ) 0 [o
N
(1’2)—%[ 3 vmass | SU3 ¢ X
[10] g } /= _ - gqmass CKM
(1,2) ;[ UL e.m.
T2 Lys CP 1

(28)

—-p. 27
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‘ 2-2 Mass from mixing for light v flavors or 'seesaw’ \

Having outlined the 'fault-lines’

Fig F1 : Fault-lines of a quartz crystal ( and carved lizard ) [ f1] «——

—p.28
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of primary and secondary breakdown of charge-like gauge int eractions , let me turn to some general

consequence for neutrinos, light and heavy . To this end we ta ke up eq. 24 repeated below

H v = ,ujpg./\/’,fl/;yG + h.c.+H

(24) HN[=%AMNWV$NWG—%EQ; F.G =1,2,3
Mpg = Mgpr : complexarbitrary otherwise —; | M| > | u|
As the (p)scalar [ 126, 126 ] representations are singled out through their major role in the primary

breakdown along the J 5 direction (eq. 28) we locatethe SU2 j X Uly — } (1,3) 4 [
—6

triplet therein ( seesaw of type Il [f2] ) . The complete decom positionofall  f X f / couplings is given
in Appendix E , from which we display eq. 141 as'eq. 30 below . Th e two relatively hermitian conjugate
triplets and their e.m. charges are

[126] ¢ (70, 7,7 ) = (T", T*, T™) c [126]
(29)

T =T*

o |

-p.29
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5} g

[126] [120]

[120]

126]

(30)

145} 5

145} 45

150}
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We complete the classification of the [ 126 | (p)scalar multiplet ( eq. 140 , Appendix E )
10] [120 5 13,1 [ } 1.2
[10] [120] {5} Je.n o] D]
10] [126] [120] {B 13,1 [ ]1,2 _
[10] [126] [120] {5} |, G ) o a2y,
[126] {1} +10 }(1 ) 1) O[+1()
126] [120 10 13, 2 [ }3,1 _ la. v,
[126] [120] (10} 45 | @2 o o+ |G D) g+ 0D ]
[120] M0} 4|]G.2, . +]e. v,z +]an]
(31)
While a direct r v mass term could be induced by a  small vacuum expected value
(32) <Q\TO\Q>—>HW/:%mpgu$V7G+h.c.

we do not consider this (p)scalar hierarchy of v.e.v. in the f ollowing — by hypoythesis, that primary and

e.w. breaking is associated with  one (p)scalar v.e.v for one representation of SO (10) :

L[126] , [45] , [10] respectively . —>J

-p. 31
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2-2a’'Mass from mixing’ only [9-1977] , [10-1979/80]

The mass matrix for the 6 neutrino flavors forming 3 families o f [ 16 ] spin (10) representations, whence

considered in the left-chiral basis takes the reduced form ( eq. 24)
(V 1,23 _ ,, F=1,2,3 v 4,56 — A F=1,2,3 ) 8l

H o = %uﬂlijkkarh.c. ik =1---.6
0 uT
M =
w M

(33)
pooo yra (Qeg[10] Q) N [16] v < [16]

M o Ype (Q]65126] |Q) NF [16] A7 C [16]

Y [10]

e ([16] x [16])
Y [ 126 |
The 03x 3 entryin M is the consequence of our hypothesis ‘H ., = 0 ineq.32. Thisis
potentially fruitful ground for applying discrete symmetr ies to the (p)scalar self interactions . —

-p. 32
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Fig F2 . Mass from mixing

Chiral fermionic structure ensures positive physical eige nvalues, for arbitrary complex @ and

symmetric but otherwise arbitrary M . This would similarly g uarantee positive masses for scalars, for
(p)scalar mass from mixing, only in a supersymmetric setting .

| proceed reviewing properties of mixing and the mass relation following from the structure of M as
defined in eq. —

o |

-p. 33
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f 'seesaw’ / —‘

/

The relative 'size’ of © and M defines the 'mass from mixing’ situation and segregates 3 hea vy neutrino

flavors from the 3 light ones :

S el <M 7
(34)
lull? =trppt  JIM|72 =trM-t M
Diagonalization of M
We use the generic expansion parameter 9 = || u || /|| M || < 1 -and determine —

-p. 34
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aunitary 6 X 6 matrix U with the property ?2

M :UMdiagUT - Mdiag —
M dgiag(m1,ma, m3; M1, M2, M3)

0<m; < --- < M3z, mza < M,
(35)

and U =TUq ; T *MT ' = My diag. —

M 0
— = Uy M diag Ug

0 M o
The matrix I" in eq. 35 describes the mixing of light and heavy flavors, dete rmined froma 3 X 3
submatrix t .

(14t (14 eet) ™%y

(36) T =

—tt (14 tet)™2 (14 ete)T?

H
& 1o account for inverted hirarchy , the order of the light mass es can be accordingly permuted.
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-

The upper left 3 X 3 block of T (eq. 36) ( 1+ ttf )_1/2 causes the ( 3 X 3) mixing matrix

governing oscillations of light (anti)neutrino’s to devia te from unitarity , i.e. it becomes subunitary, but by

-

a tiny amount since as we will discuss below

2 3 2 _
(37) 1t]° = X =1 [tw|” = O (10721)
The matrix tin eq. 36 is reduced to diagonal form through two unitary 3 X 3 matrices uand w ®
t = u(tanadiag)w_l y A diag — a’diag(a'laG'Qa CL3)
(38)
0<ar <7/2; ap <7m/2frd =|[pll/[|M]| <1

t is determined from the quadratic equation
(39) t=pl Mt —tputmM 1t

which can be solved recursively —

In eq. 38 a diag defines the three (real) heavy-lightmixing angles a 1,2,3 , which without loss of

generality can be chosen in the first quadrant, but whichares ~ mallfor ¥ = || ul| /|| M || <€ 1

o |
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setting

tpa1 =p Mt —tpout, MY, tg =0, t1 =pl M1,

— —1
(40) to =t1 — M tpupt™M ~ M-,
The sequence defined in eq. 40is convergentfor ¢ = || ul| /|| M ]| < 1.
u , w in eq. 38 contain all 9 CP violating phases, pertainingto T .
t = u ( tan a giag ) w 1 defined in eq. (39) and its determining equation, repeated be low
(39) t =p T M1 —tputM—1

lead to block diagonal form of M 41 diag. -

M1 0
(41) Moprdiag. = T PMT 71T 5 Moy diag. =

0 M o
(M17M2)(eq-) —

o |
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become 2

My = (1+ttt) 2 [—tp = p Tt 4 e MtT] (14 ¢ef)727
@ My = (1+ttt) 2 [pt+ ttpT + M) (14 the) V2T

— M = —tMaot?
It follows from the assumptions detailed in footnote a , that Dett # 0 and hence the heavy-light

mixing angles a 1,2.3 > 0 defined in eq. 38 are strictly bigger than 0.
The lowest approximation, t — t 1 andand M o — M , yields the first nontrivial approximation of

the light neutrino mass matrix in second order mixing
(2) _ T g —1
(43) My ~MP = T M1y
Remaining dagonalization of M ;. diqg.

We go backtoeq. 35 | U = T Ug : U g diagonalizes the remaining 3 X 3 blocks. U g is determined

modulo diagonal (orthogonal, 6 X 6) matrices I = [ g;qq —

% In the scenario adopted here, we further assume ~ Det M %+ 0and Det u #£ 0.

o |
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as shown in eq. 44 representing the discrete abelian group (
M1 0
T_lMT_lT — Mbldzag ) Mbldzag -
0 M o
U 0
Uog = NU()I;IZIdmg(:tl,---,:Izl)
(44) 0 V0
M1 = uomgiag (m1, ma, ma)ul
M = —tMQtT

Mz = voMaiag (M1, M2, M3)vg
3-1 Generic mixing and mass estimates

We introduce the arithmetic mean measure for 3 X 3 matrices A , not to be confused with the norms
|| . || defined in eq. 34

(45) |A| = | Det A| /3

Eq. 42 then implies

—-p. 39
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f (M| /| Ma| =|t]? —‘

1/3
(46) ‘M1|:’mdz’ag|:(m1m2m3)/
Mo| = | Mgag| = (M1 My Msz)t/3
‘ 2 | — ’ diag ’ — ( 1 2 3)
We consider the arithmetic mean of the light and heavy neutri no masses and the coorresponding 'would

be’ masses if p and p T would be the only parts of the full 6 X 6 mass matrix M

m = (m1m2m3)1/3 3 M = (M1M2M3)1/3
(47)

-1 1/3
Bo= Uy pdiag (B1, po, ps)vpt s To= (p1,pe, ps)

Then beyond eq. 46 there is one more (exact) relation

f:(tanaltanagtanag)l/‘g:|t|
) 1]? = [ My || Ma| — m /5 =T, m/3 =77
~ N
orequivalenty m = tp / M=t"1'xu
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The estimates below are based on the assumption that the scal ar doublets (2) are part of a complex
(p)scalar multipletin -~ [ 10 ] of SO10.
It follows that at the unification scale we have

We shall use the relation at a scale near 100 GeV

(50) po~ g ()

1

The factor 7 accounts for the color rescaling reducing the (colored) up- guark mass matrix from the

unification scale down to 100 GeV .
Using the definitions in eq. 47 and the quark masses M, ~ 95.20MeV,m ., ~ 1.25 GeV and
my¢ ~ 172.5 GeV

(51) ﬁu:(mumcmt)l/SleeVﬁ ﬁw%GeV

Further lets approximate the mass square differences obtai ned from the combined neutrino oscillation

measurements by

(52) Am?2, ~ 10 %ev? | Am3, ~ 2510 2ev?

o o
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Finally 'pour fixer les id ées’ | set the lowest light neutrino mass  ~ 1 meV and assume hierarchical (123)
light masses. This implies

mi1 ~ 1mev, mo ~ 10 meV

(53)
ms3 ~ 50mevV — m ~ 8 meV
and
t=m/m~ 25101 | 2 ~ 6.010 22
(54)

M =m/t ~ 1.410 10 Gev

—p. 42



hl

CQO Conclusions , questions and outlook

C5 The origin of neutrino mass can indeed be understood withi n the specific structure of spin (10) as

charge-like gauge group . Boson fields appear to correspond t o the full set of local
/ / N
f(xz)f (x) binaryproductswith f, f C [16] & [16].

This brings us to a starting point along the path of unificatio n of gravitational and charge like
gauge groups
Go = spin(1,3) ® spin (0, 10)
| |
(55) gauging gauging
orientation charges

space-time JAYA é X JAYA 1%

Q1 Is the geometric association of spin ( 0, 10 ) in eq. 55 indicating internal space-like  coordinates

extending the geometric origin of spin (1, 3) fromspace-time? P

Q2 What is the nature of coordinates in extended space-time ? o

| cite here just one reference :  Elie Cartan, 'Sur une classe remarquable d’espaces de Riema  nn’,
Bull. Soc. Math. de France, 54 (1926) 214 , and 55 (1927) 114 ,[ h1].

|
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Q2 continued

proposed structures for general ~ ( A/\ | X ) , within superstring theories

. —

zH 0o, U5 x M : c-numbers
base superspace Y, ¥ . Grassmann variables
XM N o
TH, A fB xH . bosonic g-numbers
target superspace ]/”\A ]/”\*B :  fermionic g-numbers
\ ) :

(56)
but the question addressed is more general and may not necess arily concern a space
( A\ | X ), endowed with a supersymmetric structure .
Outlook The pathways of nature , entangled indeed
make tremble the doubtful who may not proceed
yet build on assurance acquired to feed

the hope to discover those road signs to read.

Thank you
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Complementary material to

"The origin of neutrino mass’

stations along the path of cognition

Contribution to — Discrete’08 —

Symposium on the Prospects in the Physics of Discrete Symmet
11.-16. December 2008, IFIC, Valencia, Spain

ries
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4-1 From Lorentzian (p, g ) to conformal groups [1-a] |

p time , q space

\
(57) +77MTMVU_T]/,LUMVT

(M, Mor] =1 e — Lie (SO(p,q))
_771/7'M,u,a + T’l/O’M,LLT

J

Given an associative ( p, q ) Clifford algebra I

{’Y/La’YV} =2nw 9 — ow = % [’Y;m’YV]

SMV:%UMV_)SILLI/NM/LV_) Spln(p7q7r)
(58)
. _|_77/,L’TSI/O'_T’,LLO'SI/’T
[Spuv, Sor| =1
—NvrSpuoc + Nve Spur
Completing the conformal Lie algebra with conformal infinit esimal boosts
(59) Kﬂwi(quxo‘ﬁa—xQ(?M) . D~ tx %0y

o |
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with the commutation relations

[KLMKV] =0 ; [Pu«aKV] — 2i(77uVD_MuV>

4 [zp2%0a,z0xP 05— 2220, 2,2P05]
[KM7KV] - =
+ [220u,2%20,] —2|zu2%0a,x?0, |

4(3&’“1‘@ [8a,l’ywﬁag}—[$V$Baﬁ7muwa]aa) \
(60)
— —{ 2 (22 [0, wv2P05] — [2027 05, 02] O — o v)

.+ (xQ [8M,x28y] — [5132(9,/,:132] (9“)

—2(—z%2,0, — p < v)
+ 2 (:I:qua,/ — U 1/)

—p. 47



- N

[Py, K.,] = — [8,“23;,/360‘8@ — a;2(9,/]
[8M72x1/$a] 0 a
(61) = — = —2NMuwz*0a +2,0, — T, 0u)
—[0u,22] 0,

This can be completed to the Lie algebra of SO ( 20,5,41...4 ) using a dummy mass scale m

MM4:%(m_1Pu—mKu)
p=20---3
MM5:%(m_1PM—I—mKM)
6  [Mua,Mys] =2 {[Pu,Ky]+p = v} = inwD
H
= _in/,l,l/M45
Mys = —D
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For completeness we also verify the commutation rules

1 [PM7KV]
[ Muay, Mya)] = F3
[ Ky, Pul

(63)

— 144
=+iMuy, =i M/

—nN55

as well as

[(Mua), Mas] = =4 [(m~'PuFmK,), D]
([ [m o, 2%05]
(64)

-

= FL ([P, Ku]—p = v)

-~
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[(m=10,,2P05] =1m~1a,

zuz® [0a,2P 03]
[2mz,2%0q,2P05] = 2m

+ [mﬂma,mﬁag] 0 o

= Qm{xuazo‘ﬁa — P (8ﬁxﬂazo‘) 8a}

(65)
= (—1)2mzx, xz%0q
z? [0, 2705]
2 3 _
[maz Ou, x 85] = m
+ [22,2%05] 0y
= (—-1)mz29,
Commutation with x © 9 3 returns the mass dimension . Thus eq. 64 becomes —

o |
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o o, N

[ Myai), Mas| =

N —

+ (2mzuz2*0a — mz29,)

(66) = —iz{m 1P, tmK,}

1
2

_ . Ma4 M, 5
= —’LMM5(4):Z \/
— M55 M4

4-l1a Details of Lorentzian (p,q) X P,L — conformal (p+ 1,9+ 1) - extension

for the Majorana setting: p=1,q9=3

It becomes clear from the derivations in section 4-1 that the extension from the motion group in
d = p + g dimensions with p time- and q space-signatures follows the s ame rulesforallp, g.
The extended group structure becomes simple and forms the co nformal group SO (p+1,q+1).

For the corresponding I'— algebra extension we discuss here just the characteristic M ajorana setting
inherentto p =1, g =3, illustrating the induced extension : s pin(p,q) —spin(p+1,q+1).
It will become clear only after the above comparison of exten sions , that they are not in any way related.

—

o |
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To study the Majorana representations of signatured (and as sociative) Clifford algebras ( eq. 58) it is

necessary to adopt a real form of the Dirac equation , i.e. to p ass from the matrices and conventions

Yu — 'y = typand nyuw — — N uw , which satisfy the relations

N uy = diag ( 1 p—times 1; -1 g—times — 1 )

{vesvv}=207w9

(67)

{FM7PV} = 2(_77111/)ﬂ ;o Iy = 1y,

— M pv = diag ( —1 p—times ;1 qg—times 1 )
The full 1" algebra over the complex numbers is the same for all space-ti me signatures. It shall be
denoted { al'; C } and identified with its unique — modulo (inner) automorphism s — irreducible matrix

representation.
% for d even

(68) dim{dF;C}=2[%] ; d =p 4+ q ; [

(V]sB

} -

% for d odd

If within { al'; C } and given p , q signatures the I' ;, matrices ( eq. 67 ) can be chosen real, we deal

with a Majorana representation, discussedforp=1,g=3inap pendix A.

-

-p. 52



c8

Equipped with the Majorana representation  {I' p—=1  q=3; R } weextenditto {I' p—2 ¢=a; R}
below , keeping in mind that there is no Majorana representat ion for general p , g values. Also care must

be taken in the numbering of coordinates beyond the four pert ainingto d = 1 + 3. We continue the
enumeration of space-time dimensions, always starting wit h extended time followed by extended

3-space, using red color for the time-like dimension number s and signatures , as follows

0 =t, 2% k=123--q;z9"  r=1,---,p —1 ; forp=2,q=4 —
(69) z? bt 22 3 4 ; 29
+ - - - - +
In order to distinguish the space-time dimensionality and i ts associated I' — algebra we shall use ( or

substitute ) the notation

(70) 'y = al'py s d=p+q, p=01---d-1
Thus I'5, v5 R(L) (eq. 90) for generald , p, q and general basis become

(72) dlar1 =q(Tol1 - Tg 1)

In the product in eq. 71 the prefix 4 is not repeated for brevity .

o |
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4-1b Product representation for the Clifford algebra { d1+d o I'; C } [2-a]

We consider two Clifford algebras corresponding to even dimensions d 1, d o respectively
di =2v1 : g, (To, - Tq,-1)
D =di 4+ do
(72) do =2v2 : 4, (Zo0, - Z4g,-1)

dim {djr;c} = 2Yi =N, ; j=1,2

Then we construct the direct product representation of { pl;C } in the following way ( two ways )
Dla =g, T'a ® INyxN, ; oa=20,---di—1

(73) pla4g=a, Ta141 ®a, X 5 =0 --da—1
pIlpt1 = (a, Fd1—|—1)1+d2 ® (dyDdpt1)

As long as we work over the field C , signatures i.e. the value of the squares —

o |
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f (DF$>2:_77$¢U|nosum 9 =(poz)9; =0, ,D-1 —‘

(74) (pT'pt1)° = (pop41) N5 (blps1) = (popt1) g
{(pog)==x1]22=0,---,D-1,D+1}
are immaterial . Nevertheless the 'straight’ product defini tion of 4 I' g4 1 for d even in eq. 71 implies ,

always withineven D = dq1 + do, d1, do,byegs. 72,73, recursively

(75) (DUD—|—1>|1‘[:(d10'd1+1)(d20d2+1)

The suffix 17 of the signature ( p 0 p+1 ) |y inegs. 74and 75 shall indicate that this quantity

depends on the chosen form of the product representation .

It becomes obvious that if the 4 0 4 patrities are assigned the direct product composition , as de fined in
eq. 73, this may not be compatible from di1 & doto D < d1 ® do .

To this end we compute , for generic even d , the quantities d 0 441 for any one of assigned parities
40 for x = 0 --- d — 1, maintaining the 'strict’ product representation of d I gq4+1 asdefinedin
eq. 71 —

o |
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im) (Hg;é(dPx))QZ (Hw(drw>2)a7"ev(d) —‘
Trew (d) = (—1)1H2H4d=1 _ (1 v . g 9,

Hence , continuing to work over ~ C , we can upon multiplication and/or rearrangement in orderi ng of
individual 4I'»; * = 0, ---d — 1 elements with appropriate powers of i, assign arbitrary

signatures and 4 o ; parities, yielding a signature (p, q) p+q =d —
1 _ 1 _
7 goap(p,g) = (-1)2P "D = (=1)3"P = o441 (q,p)

It is the symmetry with respect to exchange of p <= q signatures, which renders the direct product,

defined in eq. 73 |nonsymmetric yet consistent with eq. 75. However the assigned d 1 o O x parities or

signatures are not directly transferred to the ordered prod uct{DI‘y;y =0, - D—l}
DO'a:(le'a) fora:O,...dl_l
D Ga = (d10d1+1) (p1,4q1) (d20a) for « = dq1,---D

(78)

(p1 +p2,q1 +q2) for g1 —p1 = Omod 4
— (p7q) (D)‘H:

(p1 +q2,q1 +p2) for g1 —p1 = 2mod 4
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Given a Majorana representation { I'p ¢ R } with p,q > 1 we single out the last two real matrices

4-1c Reduction of a Majorana representation ~ { I" p,q; R } - AT p—1,q—1; R }

for each signature respectively , using here the reordered n umbering

B n N\ 2 4 2
{Pp,rq};{(rp) (rd) }=<m2,,x2,,{—1,+1};2yzp+q
(80)
Next we consider the product

IMI="I,TF§ with (I1)? = — (F;)Q (I‘f{)Q =+ (1) gvyov

(81) Pri:Pri , Pro Prx =0
— Pri = 3 (f2vxev + 1) ;
Pry + Pr_ = Qovxav

As a consequence of the real nature of the matrices I' p | 4 the projectors Pr 4 defined in eq. 81 are real
symmetric and thus hermitian matrices , projecting on two or thogonal subspaces S 4+ of dimension
ov—1 respectively . Furthermore these projectors commute with t he remaining I' matrices —
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- i -
{I‘l,---,I‘ 1,I‘1,---,I‘q_1}

p—
(82) [Pri,l_‘];}zo , k=1,---,p—1

[Prj:,l_‘j_]:() , j:l)...,q_l
It follows that the projected matrices

r.=r,pPry+ , k=1,---,p—1
(83)

Pr=rfPre , j=1,,q-1

form — for either sign of Pr 4 separately — irreducible representations over R
— {Tp-1,¢g-15R}with p=p—-1,g=qg-1;p+qg=2(v—1).

o |
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4-2 The two base sets of Majorana representations

{FPZQV_,q:O;R(—)}and{FPZO,nger;R(+)}

We givethecase p=2v - = d~ ; g = 0 alabel (—) andconversely q¢ = 0; ¢ = 2v T the
label (4) . It now follows from eq. 109

p=d- q=20 M(—)=4M(1)_—|—4M(dQ)_

_ _ _ dT d+
dT = 2v T even
From eqg. 126 we obtain
(85) 4M(2l§:2’/—1(2V—1+F[2u—2(l)])
Combining eqgs. 84 and 85 we obtain —

o |
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F(2v—2)+ F (2v —4) for (—)
F(2v—-—6)+ F (2v —4) for (+4)
(86)

v — v T respectively

The quantities M (:F) represent the number of antisymmetric 27 x 2% matrices forming the full

Clifford algebras { I oy = g=03 R(—) } and { I o, g=20v + 3 R(+) } :
Comparing the two relations for M () in eq. 86 it follows using the labels  p (= 2v ) for

{szzy—,q:();R(_)}a“d g(=2v™) for{I‘p:O,q:2y+;R(—|—)} —

o |
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B 1 ) o
- (=) — p=26,8

F(p—-2)+F(p—-4)=
(87)
F(¢g—6)+F(¢g—4)=-1 for (+4) — gq=2,8

In order to illustrate the solutions to eq. 87 | display the fu nction F (j); j = even fromeq. 125 below
F(j)=F(-j)=F(j+38)

(88) 6 -4 -2 0 2 4 6 8

Fi 0 -1 0 1 0 -1 0 1

Q.
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Fig 2 : The complex and real Majorana representations
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{Tp,g;R}forp=1,9q=3

If for a given signature p , g a Majorana representation over t he real numbers { al'; C } exists, this

Appendix A : The Majorana representation of

representation shall be denoted {1, ,; R}.
Forp =1, q = 3 the (left- and right-) chiral basis over the field C correspondsto the T" p matrices

0 10 4 o, = (00;0%)
P = ; .k =1,2,3
iog, O op = (00; —0og)
0 1 0 —2 1 O
o0 = Yaox2 ; 01 = ; 09 = , 03 =
1 0 1 0 0 -1
'y =nwl? , I's =Tl T2Ts, I'2 = — Taxal,—1,—3 ; inanybasis
(89)
In the chiral basis we have
q¢ O
(90) FéX) =1 =1Y5R = —17Y5L

a o -
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) N

In the Majorana basis 1" é s real antisymmetric.

In the chiral basis the substrate of the spinor (a 4-dimensio nal column ’vector’) is of the form

(x) 0 .
¥« e C g
. ; a’57’y,5 — 172 3 g’y5 -
(91) EVO(ahgs)™ -1 0

with the (Majorana-) reality condition ba = Va

We introduce two component and 2 by 2 matrix notation
e 2 ~ _ -1 _
(9057¢5)_>907¢75’Y — & = £ = —¢€

(92) 0 1
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The representation for a spinor ( eq. 91)) in the chiral basis b ecomes

(x)
¥
(93) ; with the Majorana condition ¢ = 1)

6_1?70*

The Majorana basis obtains whence ¢, 1 in egs. 91, 93 are identified and then decomposed into real

and imaginary parts (component by component)

(94) p=yv=x+iy; z=35(p+e*) ; y=9(¢p—¢*)
The action of I /(,LX) ( eq. [89]) then becomes
x + iy ioce t(x —iy) ' +iy
e 1z —ivy) 1o, (x + iy) g1 (:1:, —iy/)
v’
(95)

o |
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Thus we obtain , working out the action of  I' /(,LX) (eq. 95)) separately for each
/ . / -1 i
r + 1y e " (y +ix)
g1 (a;/ —iy/) . (—y 4+ ix)
/
Tog = —€Y 0 — €
R I,(()Maj) _
/
Yo = — €T —ec 0
a;/l = 03 o 0 o3
(96) — M) —
/
Yy, — 037 oz 0
/
Ty =T q9 O
N F;MCL]) _
/
Yo = —Y 0 —9
xé = —01Y o 0 — 01
— ]_—‘:(3 aj) —
/
Yg = — 01X —0o1 O
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The Majorana representation of { r p=1,qg=3; R } constructed in eq. 96 allows inner automorphisms

r, =RTM) R, R:realsxs , {R|DetR =1} ~ SL(4,R)
(97)
dim (SL (4, R)) = 15

forming the special linear (real, simple, noncompact) grou p in 4 dimensions .
We include I éX) (eq. 90) and transform it to the Majorana representation, us ing eq.

0 x + 1y i (x + iy) ZI?,-I-iy/
P5 = =
ez — iy) —ie 7 (@ —iy) el (e -w') ).
—y + 1x

e ! (~y —ix)
Ty = — Y 0 —9

y,5 = x q¢ O
o |
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Appendix B : The Majorana representaton  {I', ,; R}

counting of ( p ) antisymmetric real I' , matrices

Lets first reorder the usual numbering of I' matrices such that for signature (p , q ) we have

O—1,--,p—-1l—p; p—1,---,p+qg—-1—4g
(99) (FF) = (—1)92vx2v ; r=1,---,p; d=2v =p+gq

(Fj) = (+1)92vx2v ; s

I
[
Q

Given a Majorana representation the first level I * matrices can be broughtto symmetric , the I' —
matrices to antisymmetric form .

The level X product of I matrices is thus of the form
A — — +
Hga — (F'rl "'Frg) (Psl

(100) 1< 89 -

"”1.-.

|1
3+
Q
N—
—
IA
VAN
S
e
IA
g

VAN
»
q
VAN
)
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The signature of any member of 11 2‘0 IS

sig (I1),) =s(X;0,0) = (—1)2(—1)3*O7D
(101)

S
I
)
+
Q
o
N\
S
N\
S
o
N\
)
VA

p; 0< o0<gq

1
The factor ( —1 ) 3 A (A1) segregates A\ into the four classes mod 4

f
( 4m + 0 — (N o

+1 for A = {4
4 1 — (A
(_1)%>\(>\_1>:< \ m + (M) 1

(102) [ Am 42 — (V)

\ 4m +3 — ()\)3

m=0,1---; 0< X< 2v
The signature s ( A, 0,0 ) defined in eq. 101 then separates the (integer) indices furth er —

o |
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( ( even & () 9 & 1
+1 for o = [
odd & (A) 2 & 3
(103) s(A;0,0) = 4 :
even & (A) 2 & 3
—1 for o = |
\ | 0dd & (A) 0 &1
Hence the power Moftheset S_— = {p, 0| s(A; 0, 0) = —1 }isthe number of

antisymmetric 2" X 2 Y matrices

p
M=>s_
o
(104) oeven &(N) 2 & 3
S_ = « U

eodd &(A) 0 & 1

\

a )
v )

\

=2v-1(2¥ -1) ; p+q=2v

J
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.

nontrivial condition . We illustrate thisforp=2,q=0

-

g. 104 only holds provided a Majorana representation { I'p ¢; R } exists , thereby yielding a

q=0— X=p —
oeven &(N)2g3 — 0 = 2
(105)
QOdd&()\)O&l —>Q:1 — M = 3
v=1-—-2v"1(2Y — 1) =14 M

The set S _ defined in eq. 104 can also be classified according to the mod 4 ¢ lasses of
0, 0; (0), (o) separately —>
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(106) S_ =< 1 0 1 3

3 1 3 2

Hence the calculation of M involves a selected sum over the pa ir of mod 4 class sums

o=4r 4+ (¢) , 0o =4s+ (o) ; r,s =0,1"---
P q p q
M(g) (o) :Zr,s
(07) 4r + (o) 4s + (o)
4r + (o) < p
with
4s + (o) < q

The double sums for M(g) (g) in eq. 107 [factorize

—-p. 72
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n
4u+ (1) <n

u=0

(108) M7 =3
4u + (1)

M(f) =0 for n < (1)

If the condition(s) 4w + (7) < n cannot be satisfied, i.e. for n < (7) the mod 4 sum M (f) has
to be set to zero , as indicated in eq. 108 .
The factorized forms thus yield for M (eq. 104 ) |

D q q

M o) (M<2> + M(S))
D q q

+M ) (M<o> + M<3>>

(109) M =

D q q

+M 3 (M<o> + M(l))
P q q

Mg (MG M)
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Appendix C: mod 4 sums of binomials and powers of 2

Pascal’s triangle [11-1982

The mod 4 sums of binomial coefficients M (:") defined in eq. 108 shall be endowed with the prefix 4 for
clarity of notation

n
1) M - M= At (1) =0,1,2,3
4u + (1)
The periodicity structure  { mod 4 } can be mapped on the powers of the fourth roots of 1 (over C)
T(T) = i(T) = exp (%TTF (7')) X (7-) = 0717273 —

(111) k - T(T) — (T(T))k — (T(T))(k) — m(T) (k:) ; (7’), (l{:) = 0,1,2,3

T (ry (k) = (3 ) (M (R) — () () (k)

| display the mod 4 multiplication table for the quantity ((7) (k)) below —

o |
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f k)lo 1 2 3

—~~
9
~—

0
(112)
2
0
2

o o o O
=N W O

0
1
2
3

w N = O

— T(r) (k) T

\1 - -1 i)

It follows that the inverse matrixto @ () (x) denoted ¥y () filters out the mod 4 sums in

ies G(z) = > 72, Grz"”

conjunction with any generating function given by a power se

Yy * ) (k) = 5(k’) (k)

( 1 1 1

(113) 1 — =1
1
Yk)(r) — 1

1 —1 1

— 1 ()~ B
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f mod 4 filtering

Let me define the following set of generating functions assoc iated with a given generating function

G(z)
G(z)=2Xpparzh—

(114) Gin(z)=G (iMz) ; (r) =01,2,3
Gry(z) =232, iMWayz*

In eq. 114 the quantities () (x) = (7 ) (1) (B) " gefined in eq. 111 appear , multiplying the k-th
not the (k)-th term in the power series for G (1) ( z ) . It follows using y , the inverse of x defined in
egs. 111/, 113, setting

G (z) = XY Gm(z) s k=4u+ (k);u=01,--
é(l)(z) — ZuZ(k) a4u+(k)z4u+(k) (Z(T)y(l)(T)x(T)(ki))

= T X tautrmzt T I0w

— Zua4u—|—(l)z4u+(l) ; (1) =0,1,2,3

o -

—-p. 76
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Before generating the mod 4 sums of binomial coefficient we ha ve to settle a subtle case in the definition
of 4 M ?O) which occurs through the properties of the set S _ defined in eq. 104 arising when either p
or g is O ( but not both )

(116) 4M(00) =1, 4M?k) = Ofor (k) > 0

With the case n =0 givenin eq. 116 we canuse for m > 1 as generating function for the mod 4 sums

of binomial coefficients the generating polynomial

G(n;z) = (1 4+ 2z)" ;on > 1
(117) n
= Yioapzt;oap =
k
The base functions G (r) Ineq. 114 thus become —

o |
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f Gy (n;2)

Gay(n;z)
(118) G2 (n;2)

G 3y (n; z)

a MOy =220 Y (o)

C5

Y(;'_l) ) Y(;'_l) == G(T)(n,z == 1)

With y determined in eq. 111 it remains to calculate the const ants Y defined in eq. 118

Yo =
(119)
Yig =

2’n

0

)

)

Y

Y3

= (1+4)"

= (1-0)" = (V)

*

It is the the powers (1 4 4 )™ forodd (7) within the mod 4 logic , which bring about the mod 8

dependence inherent to Majorana representations , for even d=p+qg=2v.

o
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f n=8u+{n} ; {n}=01---7, vw=01-- —‘

(14 i)™ = 24u (1 4 4){™

{n} 0 2 4 6
(L ) ) 1 i 1 i
{n} 1 3 5 7
(%(1—%7;)){} I5 (1+14)  5(=1+i) 5 (-1—-1) —=(1—19)
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Pascals triangle

C7

for n=1,2,---,16

34;| 126-| 12&| s4|
5| 120 210 252| 200] 220| 45 [ 10 |
1 |11|55|;55-| 330|451|¢52|3m|155‘ | 11‘1
1 | 12| 66 | 220 495 | 792 | 924 | 792 | 495 | zzn| 66 | 12| 1
1 | 13| 78| 28| 715 ] 1287] 1716] 1728 1207] 715 | zaﬁ| 8] 13| 1
1 [ 14| o1 | 364/ 1001] 2002| 3003| 3432| 3003 2002| 1001 364 | 91 | 14 | 1
1 | 15 | 105 455 1365] 3003 s005] 6a3s| 6435[51:::;5|3uua[13§5| ass| 105 15| 1
1 | ia| uu‘ 5ﬁn| 1320‘.=ua'sa| moa‘um|1za7u‘um| anoa|.=ussa| 1szo| 5ﬁn| 1.2{1| is| i

Fig 3 : Pascal’s triangle

—p. 80



D1

Appendix D: mod 4 sums of binomials and powers of

2% andi% Eexp(%i)

It is through the generating polynomials that half-integer powers of 2 (and i) enter . We rewrite eq. 119
and use y in the form given in eq. 113

vy =2" vy =(2%) (%)
_— vg, =0 L ovg = (28)(i7F) = (Yﬁ))*
i =i F s ) = mmede vy = § (1) 00

This yields the characteristic sums

ynl) — i Z(T) (i)—(l)(T) Y(Z) — gn—2 iAn(l)

(=D (@)% + ()20 (i)~ ¥)

()= D ()% + () (i)~ %)
(i)W = (i)W

-p. 81
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Eq. [122]yields

An = (2) R () E- D)

for n even

(123) (i)z — 1 = ((i)[%]—m)

.
N~

for 1 odd

| p— |
|3
| I

We thus rewrite the quantities Y ™ (1) in eq. 122

aMZ =y =2n2 428t p(n —20)) 5 0>

1 for m even

(124 F(n —2(1)) =R (exp (i2F(n —2()))) X

\/§ for mn odd
F— F(5); j=0,£1,£2.--- with 7 - n — 2(I)

The function F (j ) defined in eq. 124 over the signed integers j takes only intege r values

L{F} = {0, +1}
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fF(j)=F(—j)=F(J'+8) T

7 |- -6 -5 -4 -3 -2 -1 o0 1 2 3 4 5 6 7 8
Fl 1 0 -1 -1 -1 o0 1 1 1 0 -1 -1 -1 O 1 1

(125)
F can be visualized as projection on the real axis of a side-ce ntered quadrangle in the complex plane ,
with the side centers forming an inscribed quadrangle rotat ed by 45 degrees , as shown in figure 1 below.
We collect the formulae determining the mod 4 sums of binomia | coefficients (egs. 116 ,/124)
4M(00):1,4M8):0f0r(l)>0
n n (1) n—2 [ﬂ] —1
(126) sMB =Y — 2 +2lZI ' F(n=—20) ; n>1
with F' (5 ) defined in eq. 125
Care must be taken if using eq. 126 far n = 1 and 2 whenever (1) > n . —

o |
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(-1,1)

(-1,0])

D4

(1,1)

(1,0)

(-1,-1)

(0,-1)

[I-p'l.:l

Fig 1 : The side-centered quadrangle(s) associated

with the function F' (j) «—
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Appendix E: The spin (10) product representations

(16 ® 16) ® (16 @ 16)
We follow the spin (10) decomposition discussed in section 2 -1 ( eq. 17 repeated below )
(17) spin (10) — SU5 x Ul j,

Further let us denote representations of spin (10) as oppose d to those pertaining to SU5 and associated

J 5 quantum number by
(127) spin (10): [dim] ; SU5 x Ul j,. : {dim}J5

Thus eq. 21 translates to

[16] - {1} +5 + {10} +1 + {5} -3
(128)
6] = {1} _5; + {10} , + {5} .5
In turn SU5 representations shall be decomposed along the st andard model gauge group
SU3.:. ® SU2 1 ® Uly ,where )Y denotes the electroweak hypercharge (with a factor % included )

(129) y:Qe.m./e_ISL

o o
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ﬁ130) {dim}

The brackets on the right hand side of eq. 130 are reversed in o

standard model representations.
Then the base 16 (E) decompose to

{1} —

y

{10} 11 — <
(131) [16] —

{5} 5 —

B \

J(1, 1)

32)+

11)+

_|_
(1,2)

ol

o)

wlw

[t

[+
L
|
|

W=

—%[

— > |(dimsus ., dimsu2 1)

_|_

vl

rder not to confuse spin (10) - and

=

aVa

/

-

The product representations (16 S%, E) 0% (16 &>, E) generate all SO (10) antysymmetric tensor

ones, of which we encountered the fivefold antisymmetric in s

o

ection 2-1 (eq. 26).

—

|
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To elaborate we specify the n-fold antisymmetric tensors ob tained from the 10-representation of SO (10)
[to] ~ 1
[(t1]% ~ 24 A

A1 Ag 1 A1 Ag Aoy Ay
[t2]! ]N§(21 Zg © — 21 Tz,

Il
—t
N
—
o
"
’_l
I
—~
&1
——
N
&,
——
t
—~
|
N

(132)

[tn][AlAQ..-An]NL!ZSgn Z]

n < 10

The quantities [ tn ] defined in eq. 132 form irreducible real representations of S O (10) exceptforn =5,

which is composed of the relatively complex irreducible representations 126 and 126 (eq. 26)).
The tenfold antisymmetric invariant corresponds to [ t n=10 ] . The product of two full Clifford algebras
pertaining to spin (10) contains all [t n ] : n = 0 --- 10 representations exactly once . —

o |
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Treating the n = 5 tensor as one representation — it is reducib le only over C —the dimensions of the
[t n ] representations follow Pascal’s triangle ( Fig. 3 page C7) o  f binomial coefficients for N = 10,

whereby n even and odd shall be distinguished

[to] [t2] [t 4] [t6] [ts] [t10]
[t1] [t3] (5] [t 7] [to]
1 45 210 210 45 1
10 120 252 120 10
(133)
This corresponds to the following products of 16 + 16
[16] [16]
[16] | s : 101+ , a : [120] A 1a5]
(134) [126] [210 |
16] )+ 18]+ s [10_]+ , a : [120]
210] [126]

—p. 88



The correspondence of product representations of the

with the sum of antisymmetric tensor ones follows from the co

forming the spin (10) algebra i.e. are of dimension
(135)
We proceed to reduce the

SU3., X SU2 1 X Uly.

The individual products are

ES

[16] ® [16] product with respect to

( s (a) : (@)symmetric )

16 + 16 = 32 associative Clifford algebra

mpleteness of all products of

(32)2 = (25)% =210

Js ,SU5 and

-

7y matrices

{1} 5 {10}, {5} 4

{1}5 | {1}, {10} 4 {5},
{5},+ — {5} 5+

10 10
{10}, | {10}4 - S({45}2 ) o
_ _ {5} o5 + _ _
5 5
5} | {5h o (1), ({10, ),

(136)

o

o
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We proceed to decompose the diagonal {SUS} J s representations (eq. 131)

({10}, ®{10},), = {5}, + {50}, l
s [CRE Ny G0 s ](1,1) +1[+1
(137) ' '
[@6.3) 1] + (8,2) 1| +
&2l 1 e [2 oy o el
I 451, =31,
(3’1)_%-+1 ]@’1)_%[2 (3’1)+%-2
(1, 1) 1., (1, 1) +2 |,
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S (3,1)+% 4 }(172)_l[_3

6.0 |60, e ]

(138) }(172)_%[_3 }(1,3) 1[_6
!

1 * @ *
E(VF) (”c>a

Next we assemble the (anti)symmetric products ~ ( [16] ® [16]) . = [10] & [126] and
([16] ® [16] ), = [120] with respectto SU5 & U1 j, —

o |
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using eq.

([16] ® [16]), = [10] & [126] |
( [ {5} o +
{51} 2

@ {1}10+{511}2+{10}6+{ﬁ}_6
\ —+ {45} —2 + {E}Q y,

(139)
([16] ® [16]), = [120] |

{5} _» + {5},
— + {10} ¢ + {ﬁ} —6
|+ {45} _, + {45}, _

The roman indices 7 ry ineq. 139 indicate that appropriate linear combinations of the two {5} 5

representations form parts of ~ [10] and [126] respectively . —
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It remains to decompose the SU5 & Ul j. representations in eq. 139 with respect to
SU3 . X SU2 X Uly .Wedo this associating according to the product representa tions as they
appear in eg. 139

[10] [120] {5} 5 :(3’1)—%[+3+}(1’2)+%-+3

[10] [126] [120] {5} , :(5, 1)+%[_3 + :(1,2)_%:+3

[126] {1} 410 ](17 1> O:+1O

[126] [120] (10} 4 | J@ 20 | o+ ]G D) o] 0]

120] (10} | |62 o] +]enpg] o+ ]an ]
(140)

o |
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(___ [126]

[126] [120]

[120]

[126]

(141)

5} g

{45} o

1455 4,

E

E10




E11

({10}1 ®{10}1)8 — {E}Q !
o] Jeanl, JEsl, Jenal,

(142) (6 1)+%[2+ ](8 2)_%[ +

}(3 2)+1[ 1 B 2 ](3,2)+%[2

! ](3 3)+%[2 (1.2) 1],

[ }(3,1)_%[2 ](3,1)+%{2

(1 1) +1 | 11 -
| end the collection of representation decompaositions with the adjoint [45] representation of SO (10) —

o |
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f ([10] ® [10]) , = [45] l T

a {5} 5 {5}_+2
(143)
{1}y < Js
{5} o | {10} _4
{24} , < adjoint SU5
{5} 4 {10} 44
It should be noted that despite coinciding dimensions the fo llowing entities are most distinct
[10] # {10} _, , {10} ¢
(144)
[45] # {45} _5 5 -+

o |
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