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§1. Introduction

Why non-local fields?

Early Papers:

. M. A. Markov (1940), . P. A. M. Dirac (1942)

. H.S. Snyder (1947), . C.N. Yang (1947)

Possible Types of Nonlocalizable Fields (Yukawa,1948)
“Firstly, characteristic properties of elementary par-
ticles are to be described from their internal struc-
ture. It may be too much to hope that all properties
of all kinds of particles are to be ascribed to their
internal structure.”

“Secondly, the theory which we endeavor to attain
is to be such that the interaction between particles
so not gives rise to any kind of divergence difficulty,
which is inherent in the usual local field theory with
local interaction. ”

(Y. Katayama and H. Yukawa, Field Theory of Ele-
mentary Domain and particles I, 1968)
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Influence of Yukawa’s attempt

• Who’s paper ?

　

Non-local Field Theory Suggested by
Dual Models, (1973)

Zero Slope Limit
⇓

Smeared Fields

　∆r
∆p ≈ λ2

• Study in Japan of Theory of Elementary Particle

Extended in Space-Time

· Katayama, Umemura, Tanaka, Sogami · · ·
· Takabayashi, Ohnuki, Morita · · ·
· Hara, Goto, Ishida, Naka, Mamiki, · · ·
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Symposiums in Nihon Univ.
　

Karuizawa,

Japan March,1992

Extended Objects and

Bound Systems

(Atomic Energy Re

-search Institute)

　

　 ⇒
　

　Tokyo, Japan February,

2003

Hadron Spectroscopy, Chiral

Symmetry and Relativistic De-

scription of Bound Systems

(Nihon-U & KEK)
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§2 Yukawa’s Bi-Local Field Theory
　

• In 1947, Yukawa suggested that if the material particles have a

space-like extension, then force fields {Aµ} are not necessarily func-

tions of xµ alone, but may depend on pµ also.

· · · xµAν 6= Aνxµ ( xµxν 6= xνxµ noncommutativity ?).

• In 1948, Yukawa introduced bi-local fields:

[pµ, [pµ, U ]] − m2U = 0
[xµ, [xµ]] + λ2 = 0
[pµ, [xµ, U ]] = 0

 Born’s reciprocity

p ↔ x symmetry

• x representation

(PµPµ − m2)Φ = 0
(x̄µx̄µ + λ2)Φ = 0

Pµx̄µΦ = 0

 Φ(X, x̄) = 〈x′|U |x′′〉
X = x′+x′′

2 , x̄ = x′ − x′′
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Critical comments
• The masses of all spin states are degenerate to m.
• The λ can be removed by a canonical transformation.

(Hara-Shimazu,1950)

In answer to these claims

“This is certainly not true, whenever we take into account the interaction between

two non-local fields ”. Yukawa extended the master wave equation to the form

(PµPµ − M2(P, p̄, x̄))Φ = 0
((x2 + λ2)Φ = 0 → discarded !)

In 1953, Yukawa proposed the following form of M2:

M2(P, p̄, x̄) = α(p̄µp̄µ + κ2x̄µx̄µ)

. → linear J ∝ m2 relation

. non-local fields as four-dimensional oscillator

model for the elementary particles.

(i.e., relativistic potential approach to the two-

particle bound systems )
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Physical state conditions

Yukawa

P.S.C.︷ ︸︸ ︷
(1953) Takabayasi(1964)

Pµa
†
µ|Φphy〉 = 0

↓
ground state

a
†
0|0〉 = ai|0〉 = 0

↓
definite metric

Pµaµ|Φphy〉 = 0
↓

ground state
a0|0〉 = ai|0〉 = 0

↓
indefinite metric

aµ =
√

1
2κ(κx̄µ + ip̄µ), a

†
µ =

√
1
2κ(κx̄µ − ip̄µ)

[aµ, aν
†] = −gµν

　　　　

prototype of bi-local field equation(
α′P2 + 1

2{a
†
µ, aµ} − ω

)
|Ψ〉 = 0

P · a|Φ〉 = 0
string like ?
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Interaction of Bi-Local Fields (1950∼1985)

• Interaction Lagrangian (−→x convergent unitary S-matrix)

Sint = g

∫
d4xd4yd4zψ̄(x)Φ(x, y, z)u(y)ψ(z) · · ·Bloch, kristensen-Mφller

(Sint = g

∫
d4xd4yd4zV (x, y)∗U(y, z)V (z, x) · · ·Yukawa-Katayama)

. Y-F method → Hamiltonian: H(x/σ) =
∞∑

n=0

gnHn(x/σ) · · · Hayashi

. second quantization · · · Sogami, Capri-Chang

. Regge pole behavior · · · Bando, Inoue,Takeda,Tanaka

• Form factor

　

a b

c

1

1

2

2

　

. definite metric · · · pole type

(Namiki, Ishida,Kim,· · · )
. definite metric · · · Gaussian type

(Gotō-Kamimura,Naka,· · · )

　

• Three vertex

　

a b

c

1

1

12

2

2

. Gotō-Naka

(→ string: Kaku-Kikkawa)
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§3 Field Theory of Elementary Domains
Y. Katayama, I. Umemura and H. Yukawa (1968)

• Ψ(D) = Ψ(Xµ, Iµν, Iµνρ, · · · )

Xµ =
1

V

∫
D

d4xxµ, ( V =

∫
D

d4x )

Iµν =

∫
D

d4x(x − X)µ(x − X)ν

...

• [Ψ(X, · · · ),Ψ(X ′, · · · )] = 0 for (X−X ′)2 < λ2

　　

t

xλ

• case : Iµν =
∑
α

e
(α)
µ e

(α)
ν (ξα)2 6= 0, Iµνρ = · · · = 0

exp
(∑

α λαe
(α)
µ

∂
∂Xµ

)
Ψ(X, e

(α)
µ , ξα) = UΨ(X, e

(α)
µ , ξα)

1−dim.−→ Ψ(t + λ) = e−iκΨ(t) → En =
−κ + 2nπ

λ
, (n = 0,±1, · · · )

· · ·differnce equation
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§4 String model

• dual resonance model → string → Virasoro condition
Nambu,Susskind, Fubini, Veneziano, Virasoro (1969 ∼1970)

　. detailed wave equation · · · Takabayasi(1970)

　. σ-invariance · · · Hara(1971)

• Nambu-Gotō action

S = κ0

∫
dτdσ

√
−g

　. Nambu, Lecture at the Copenhagen

Summer Symposium (1970)

　. Gotō,PTP(1971)

⇓ 3-brane

S = κ
∫

dτdξ3
√
−g, (gαβ = ∂xµ

∂ξα

∂xµ
∂ξβ

)

. In this stage, the critical dimension is not yet

recognized.

space

time

),( στµx

ds =
√

ẋ2dξ0, dl =
√

−(d⊥x)2

→ L ∝ dsdl
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§5 Miscellaneous

•Rigid body model

spinor: ξ = i
√

ρ

(
cos θ

2 exp[−i(φ + ψ)/2]

sin θ
2 exp[−i(φ − ψ)/2]

)
Bopp-Haag(1950), Hara,Gotō and Yabuki(1967)

• scalar field at end point of the string(Veneziano,1973)

φ̄(X) = 1
2π

∫ π
−π dτφ(X + 2λ2pτ + · · · )

Xφ̄ 6= φ̄X

}
〈x′|φ̄(X)|x〉: form factor
α′ ∼ λ2 ∼ (2 × 10−14cm)

φ

4-dim
.

xx φφ ≠

　 φ

4-dim
.

xx φφ =

　 φ

4-dim
. xx φφ ≠

ijB

)( ijijji ixxxx θ=−

• Timelike string (1-dim. domain ?) · · · Naka(1972)

Dxµ(τ + πλ) − Dxµ(τ − πλ) =

(
sinhπλD

πλD

)
D2xµ(τ) = 0, (D =

d

dτ
)

Pais-Uhlenbeck expansion → string-like modes
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§6 Keywords in Yukawa’s non-local field theory

. 4-dim. Minkowski spacetime

. spacetime description of elementary particles

. divergence difficulty

. timelike extension (difference equation)

. non-commutative structure

¦ Non-Commutative Geometry, A. Connes, 1990

¦ H.S. Snyder, Quantized Space-Time, 1947

· · · Lorentz invariant discrete spacetime

. seed of non-local field theories ?

. flat space limit of quantum gravity ?

κ-Minkowski Spacetime/ Doubly Special Relativity

lim
G,~→0

√
~
G

= κ ? (J.Kowalski-Glikman, hep-th/0405273)
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Bi-Local Fields Based on Non-Commutative Geometry
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Higgs fields in NCG (Connes,1990)　　　　　
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L

R

xL

xR

Φ(xL, xR)

　　Higgs-like bi-local field
· · · Naka et.al. 2000

M2(x̄) ∝ x̄2 ⇒ 4 − dim.OM

Dµ =

(
DL

µ 0

0 DR
µ

)

Dη = ∂η − ig

(
0 φ
φ∗ 0

)
= ig

(
0 Φ
Φ∗ 0

)
η =

1

M

(
0 1
1 0

)
, ∂ηη = −i

L = −
1

4
TrF †

ABFAB + Ψ̄(γµiDµ + iκDη)Ψ

F2
µν · · · kinetic terms for W

L/R
µ

F2
ηµ · · · kinetic terms for φ, φ∗

F2
ηη · · ·potential terms for φ, φ∗
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Non-Commutative Algebras

• Caonical structure

[x̂i, x̂j] = iθij

· · ·quantum mechanics, D-brane, etc.
• Lie structure

[x̂i, x̂j] = iθ
ij
k x̂k

· · · continuous group, doubly relativity, etc.
• Quantum space structure

[x̂i, x̂j] = iθ
ij
klx̂

kx̂l

· · · quantum group

ex. quantum phase space

xpx = qpxx

{x, px}q = 1 → ∂xx − qx∂x = 1

p̂x = −
i~
2

(∂x + ∂
†
x) = −i~

q + 1

2q
Dx

　　　

• Dxψ(x) = ψ(qx)−ψ(q−1x)
(q−q−1)x

• i~Dtψ(t, x)︸ ︷︷ ︸
time diff.

= Eψ(t, x)

⇓
domain equation ?
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q-deformed bi-local field

q-deformation of h.o.

[a, a†] = 1, (a†a = N)

　　　　⇓

aqa
†
q − qa

†
qaq = q−(N+β)

mapping: aq = a

√
[N ]q
N

with [N ]q =
qN+β − q−N−β

q − q−1

　　　　⇓

a
†
qaq = [N ]q = sinh[(N+β) log q]

sinh[log q]

　

deformed bi-local field(
α′P2 +

1

2
{a†qµ, a

µ
q } + const.

)
ψ = 0

1

2
{a†qµ, a

µ
q } =

sinh[(−a
†
µaµ − 3

4α′P2 + c) log q]

sinh[12 log q]

　　　

kk

p

p - k

on-shell eq.

(P2 − m2
n)|Ψ〉 = 0

δm2 ∼ 1
α′

(
sinh(1

2 log q)
log q

)2

finite for q 6= 1

· · · Naka et. al (2005)
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Synder’s quantized spacetime

Snyder’s Qntized Spacetime
−η2

0 + η2
1 + η2

2 + η2
3 + η2

4 = a2

Mij = i~
(
ηi

∂
∂ηj

− ηj
∂

∂ηi

)
M0j = i~

(
η0

∂
∂ηj

+ ηj
∂

∂η0

)
xi = ia

(
η4

∂
∂ηi − ηi

∂
∂η4

)
x0 = ia

(
η4

∂
∂η0

+ η0
∂

∂η4

)
[xµ, xν] = ia2

~ Mµν

pi = ~
a

ηi
η4

, p0 = ~c
a

η0
η4

→ Mij = x[ipj]

∆x∆p ≥ ~
2

(
1 + a2

~2〈p2〉
)

etc.

〈η|U(x)|η′〉 bi-local field ?
· · · S. Tanaka (2000)

κ-Minkowski Spacetime
Lie structure: [xi, xj] = 0

[x0, xi] = − i
κxi

surface in a 5-dim. Minkowski space
(one-forms {dxi, dx4})

[xo, dx0] = i
κdx4, [x0, dx4] = i

κdx0,

· · · [xi, dxj] = i
κδij(dx0 − dx4) ,etc.

d : eik·x := −iPA : eik·x : dxA

P0 = κ sinh k0
κ + k2

2 e
ko
κ

Pi = kie
k0
κ

P4 = κ cosh k0
κ − k2

2 e
ko
κ

−P2
0 + P2

1 + P2
2 + P2

3 + P2
4 = κ2

Casimir:
(
2κ sinh k0

2κ

)2
− k2e

k0
κ
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Summary

　　 　　

In an article in 1979, Yukawa said “Thus, even if such a model turns out to be

essentially a correct one, it should be only be the beginning of the story. The hope

of the author is that it would play in future development of elementary particle

theory a role somehow analogous to that of Rutherford model of the formulation

of quantum theory.”
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