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§1 Introduction

Gravitational Shock Wave Background� �
• P.C.Aichelburg and Sexl (1971)

On the Gravitational Field of a Massless Particle

• T.Dray and G.’t Hoot (1984)
The Graviational Shock Wave of a Massless Particle

• G. ’t Hoot (1987)
Graviton Dominance in Ultra-Heigh-Energy Scattering
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x± = 1√
2
(x0 ± x3)

T−− : Energy-Momentum Tensor
◃ Electromagnetic field
◃ Fluids with the light velocity
◃ Particles with the light velocity
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0=−x0=+x

µνg
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Bi-Local Fields� �
• H.Yukawa (1949) Quntum Theory of Non-Local Fields. Part I

[pµ, [p
µ, U ]] +m2c2U = 0

[xµ, [x
µ, U ]]− λ2U = 0

[xµ, [pµ, U ]] = 0

 V
U(X, x̄) = ⟨x′|U |x′′⟩(

X =
x′ + x′′

2
, x̄ = x′ − x′′

)
· · ·T.Takabayasi, I.Sogami, S.Ishida, T.Gotō� �

S =

∫
dτ

1

2

2∑
i=1

{
e−1
(i)

ηµνẋ
µ
(i)

ẋν(i) − V0e(i)

}
⇓ δe(i)

H = P2 +
1

α′a
† · a+m2

0 ≈ 0,

T = P · p̄ ≈ 0 (→ P · a ≈ 0)

{
x̄ =

√
1
2κ(a

† + a) etc.

α′ = 1
8κ, m2

0 = 4ω +16κ

}

ωκ += 2
0 xV

)1(x )2(x

◃ relativistic bound state

◃ prototype of string

◃ purpose of this work
0x

3x

0=−x

µνg α′ : effective ?
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§2 Bi-Local Field in G. S. W. B

✺ G.S.W.B.

ds2 = −2dx+dx− + f(x⊥)δ(x
−)d2x− + d2x⊥,

f(x⊥) = f0 − 2Q log
(

r
r0

)
,

(
r =

√
x2⊥, Q = 4

√
2PS

E2
P

∼ E−1
P

)
⇓ embedding of a bi-local model

S =

∫
dτ

1

2

2∑
i=1

gµν
ẋ
µ
(i)

ẋν(i)

e(i)
− V

(
x(1), x(2)

)
︸ ︷︷ ︸

bi-scalar function

e(i)



)()( 1)1( στ xx =

)()( 2)2( στ xx =

geodesic distance

)(σx

V = 2κ2σ(x(1), x(2)) + ω

σ(x(1), x(2)) =
σ2 − σ1

2

∫ σ2

σ1

dσgµν
dxµ

dσ

dxν

dσ

→
1

2
x̄2 , ( gµν → ηµν)
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✺ Constraints

δS/δe(i) = 0 → gµνp(i)µp(i)ν + V 0, (i = 1,2)

≈ ⇓
sum. : H ≈ 0 · · ·wave equation
sub. : T ≈ 0 · · · supplementary condiition

}
∋ δ(x−

(i)
)

✺ Canonical transformation

U = exp

−
i

2

2∑
i=1

f(x(i)⊥)θ(x
−
(i)

)p−
(i)


⇓

U

{
H
T

}
U† =

{
H̃
T̃

}
∋ θ(x−

(i)
), ∋| δ(x−

(i)
)

· · · H̃ ≈ 0 & T̃ ≈ 0 are complex / not compatible

∼ O(Q2), O(α′Q)

5



✺ Approximation: (Q2), O(α′Q) ∼ 0

H̃ ≃
(
P2 + α′−1a† · a+m2 +∆M2

)
≈ 0,

(T̃ ≃ P · p̄ ≈ 0) → P · a ≈ 0,

∆M2 = −2
2∑

i=1

(
{p⊥, A}θp−

)
(i)

,

A(x⊥) = −
1

2
(∂⊥f(x⊥)) = Q

x⊥
r2

( → [P · a, H̃] ≈| 0 )

✺ Projection:

∆M2 → [∆M2]
(
= 1

2π

∫ 2π
0 dθeiθN∆M2e−iθN , N = P ·a†P ·a

P2

)
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§3 Scattering amplitudes

✺ light-like time : T− = X−

i
∂

∂T− |Φ̃⟩ =
1

2α′P−

{
α′(P2

⊥ +m2
0) + a† · a+ α′[∆M2]

}
|Φ̃⟩

= (H̃0 +∆H̃)|Φ⟩ H̃0 = 1
2α′P−

{
α′(P2

⊥ +m2
0) + a† · a

}
∆H̃ ≃ i

2[H̃0,
∑2

i=1 fi]P
−θ(X−)


✺ S-matrix

S = lim
T−
2 → ∞

T−
1 → −∞

U
†
2

Te
−i

∫ T−
2

T−
1

dT−(∆H̃)D

U1 , ( [P−, S] = 0 )

→ ⟨Φb|S|Φa⟩ = ⟨Φb|Φa⟩+ i(2π)δ(P−
b − P−

a )Tba
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✺

examples: states/T-matrices� �
|Φ⟩ = |ϕrel.⟩ ⊗ |P⊥⟩ ⊗ |P−⟩

Tba = T
(0)
ba + T

(1)
ba + · · · , (T (n)

ba ∼ O((∆H)n)� �

1 |ϕi⟩ = |0−⟩ ⊗ |0⊥⟩, (i = a, b)

0x

3x

0=−x

µνg

0φ

0φ

T
(0)
ba =

e
i
2f0P

−
a

(2π)i

∫
d2X⊥
(2π)2

e−i∆P⊥·X⊥⟨0⊥|e
− i

2P
−
a Q log

(
r1r2
r20

)
|0⊥⟩ , (∆P⊥ = P⊥b − P⊥a)

=
e
i
2f0P

−
a

(2π)3i
× r20

πΓ(1− i
2P

−
a Q)

Γ( i
2P

−
a Q)

{
4

r20(∆P⊥)2

}1− i
2P

−
a Q

︸ ︷︷ ︸
’t Hooft amplitude

[
1−O(P−α′Q)

]

T
(1)
ba = if0P

−
a T (0) +2iP−

a e
i
2f0P

−
a

∂

∂P−
a

(
e−

i
2f0P

−
a T (0)

)
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2 |ϕa⟩ = |za⟩ ⊗ |0⊥⟩, |ϕb⟩ = |0−⟩ ⊗ |0⊥⟩

T
(0)
ba =

∫
d2µtH(X⊥)

[
1− iπα′P−

a Qδ2(X⊥)−
α′

2

(Qp̄−
a )2

r2
+ · · ·

]
,( ∫

d2µtH(X⊥)× 1 = (’tHooft amplitude)

)

3 |ϕa⟩ = |0−⟩ ⊗ |0⊥⟩, |ϕb⟩ = |0−⟩ ⊗ |x̄⊥b⟩

T
(0)
∗a =

√
κ

π

∫
d2x̄⊥bT

(0)
ba ≃

∫
dµtH(X⊥)

[
1−

2iα′QP−
a

r2
+ · · ·

]

✺ Corrections to the ’t Hooft amplitude appear with the factors

α′QP−, α′(Qp̄−)2 ( ≫ Q2 )

( × α′−1Q ∼ κQ terms )
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§4 Summary

Bi-local model in G.S.W.B.
ds2 = −2dx+dx− + f(x⊥)δ(x

−)d2x− + d2x⊥,

Embedding of a bi-local model in a curved spacetime:
two-body potential: V (x(1), x(2)) = κ2 2σ(x(1), x(2))︸ ︷︷ ︸

geodesic distance

+ω

Primary constraints: Hi = gµνp(i)µp(i)ν + V ≈ 0, (i = 1,2)

contain a δ-function singularity

Canonical transformation: H̃i = UHiU
† ∋ θ(x−), ∋| δ(x−)

S-matrix

S = lim
T−
2 → ∞

T−
1 → −∞

U
†
2

Te
−i

∫ T−
2

T−
1

dT−(∆H̃)D

U1

→ lim
T−
2 → ∞

T−
1 → −∞

U
†
2U1 , (∆H → 0)

→ ’tHooft amplitude , (α′ → 0)
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Correction due to α′: α′QP− ( ≫ Q2 ) , (× α−1Q)

? infinite slope limit α′ → ∞

2' Eα

J

2
0'mα

heigher spin summetry?
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