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1 Introduction
Cosmological Constant Problem:

Higgs Condensation ∼ ( 100GeV )4

QCD Chiral Condensation ∼ ( 100MeV )4 (1)

These seem not contributing to the Cosmological Constant!

=⇒ Massive Gravity: an idea toward resolving it

However, Massive Gravity has its own problems:

• van Dam-Veltman-Zakharov (vDVZ) discontinuity

Its m→ 0 limit does not coincides with the Einstein gravity.

• Boulware-Deser ghost

10︸︷︷︸
hµν

− (1 + 3)︸ ︷︷ ︸
N=h00, N i=h0i

= 6 = 5︸︷︷︸
massive spin2

+ 1︸︷︷︸
BD ghost

(2)

We focus on the BD ghost problem here.
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In addition, we believe that any theory should eventually be made super-

symmetric, that is, Supergravity (SUGRA).

This may be of help also for the problem that the dRGT massive gravity

allows no stable homogeneous isotropic universe solution.

In this talk, we

1. explain the dRGT theory

2. massive supergravity

2 Fierz-Pauli massive gravity (linearized)

Einstein-Hilbert action

LEH =
√
−gR (3)

L =
[
LEH

]
quadratic part in hµν

+

[
−m

2

4
(h2µν − ah2)

]
︸ ︷︷ ︸
= Lmass

FP (a = 1)

(4)

gµν = ηµν + hµν (5)
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In Fierz-Pauli theory with a = 1, there are only 5 modes describing properly

massive spin 2 particle.
...) No time derivative appears for h00, h0i in LEH→LEH is linear inN, Ni.

If a = 1, the mass term Lmass
FP is also clearly linear in N ∼ h00 !

=⇒
• Ni can be solved algebraically and be eliminated.

• N e.o.m. δS
δN = 0 gives 1 constraint on other fields since S is linear in N

so that

10︸︷︷︸
hµν

− 3︸︷︷︸
Ni

−( 1︸︷︷︸
N

+ 1︸︷︷︸
constraint

) = 5 (6)

Nonlinear completion of this theory was proposed by

dRGT: de Rham-Gabadadze-Tolley, Phys. Rev. Lett. 106 (2011)

which is claimed to be free of BD ghost on arbitrary background and to

connect smoothly to Einstein gravity as m→ 0 by Vainshtein mechanism.

They use the Stückelberg field formalism by AHGS.
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3 Arkani-Hamed-Georgi-Schwartz : Stückelberg for-

malism
Ann. Phys. 305 (2003) 96; the work preceding to dRGT.

AHGS have rewritten the Fierz-Pauli theory into GC invariant form: GC

invariance is realized as a Fake Symmetry, or Hidden Local Symmetry.

The simplest case is the ”two site model”, in which case easiest way to

understand is to regard it as ”space-time filling d-brane” in D = d + 1

dimensional target space-time.

Target Space : XM with metric GMN(X) = ηMN

brane (world sheet) : xµ with metric gµν(x) (7)

Embedding function

XM = Y M(x) (8)

Induced metric on the brane

fµν(x) = ∂µY
M(x) · ηMN · ∂νY N(x) (9)
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From world sheet viewpoint,

Y M(x) : D scalar functions

then,⇒ fµν(x) : GC tensor (10)

GC-invariant form of FP theory by AHGS:

LAHGS = LEH + Lmass
AHGS

Lmass
AHGS = −

m2

4

√
−ggµνgαβ (HµαHνβ − aHµνHαβ) (11)

where

Hµν = gµν − fµν
= gµν − ∂µY M · ηMN · ∂νY N (12)

is a GC tensor and the AHGS lagrangian LAHGS is clearly GC invariant.

This is achieved by the introduction of the mapping function Y M(x) which

is analogous to g5M(x) from deconstruction point of view.

Y M(x) = xµ δMµ + ϕM(x) (13)

ϕM = 0 : “Unitary Gauge” (or, “static gauge” from brane viewpoint)

=⇒ ∂µY
M(x) = δMµ =⇒ fµν(x) = ηµν (14)
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This mass term reduces to Lmass
FP at linearized level.

We can see more explicitly the absence of BD-ghost in this AHGS formu-

lation of massive gravity on flat background ḡµν = ηµν.

Generally, before fixing gauge,

fµν = ∂µY
MηMN∂νY

N = ηµν + ∂µϕν(x) + ∂νϕµ(x) + ∂µϕ
M · ∂νϕM(x)

Introduce a Stückelberg Vector Aµ and scalar field π by writing

ϕµ(x) ≡
1

m
Aµ(x)−

1

m2
∂µπ(x)

Then, clearly this system is invariant under the GC and additional U(1)

gauge transformation independently of a value:

δhµν = ∂µξν + ∂νξµ, δAµ = mξµ + ∂µΛ, δπ = mΛ (15)

For the Fierz-Pauli value a = 1, we can quantize the system as usual based

on the BRS symmetry.
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Counting of physical degrees of freedom:

10 + 4 + 1︸ ︷︷ ︸
gµν+Aµ+π

−( 4 + 4︸ ︷︷ ︸
GCghosts:cµ+c̄µ

)− ( 1 + 1︸ ︷︷ ︸
U(1)ghosts:c+c̄

) = 5 ! (16)

Note that U(1) gauge invariance was a fake gauge symmetry which was

brought into the system by introducing the Stückelberg scalar π.

But it gave subtracting 2 modes c + c̄.

Isn’t this STRANGE ?

The point is that usually

Hµν ⊃ ∂µϕν ⊃ ∂µ∂νπH
2
µν − aH2 ⊃ (1− a) π · π

That is, When a ̸= 1 there appears Higher Derivative Term so that the

single field π actually contains (1+1)-modes! (one of them is of negative

metric = BD ghost).

So the problem is boiled down to confirm that the absence of higher deriva-

tive term for π.

AHGS model (Fierz-Pauli at linearlized level on flat background) con tains

BD ghost apart from the flat background!
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4 “Ghost-free” massive gravity of de Rham-Gabadadze-

Tolley
PRL 106 (2011)

L = LEH −
m2

4

√
−g U(gµν, Hµν)

dRGT have given their mass term U as follows:

Noting

(g−1H)µν = gµλ(gλν − fλν) = δµν − (g−1f )µν (17)

they define a tensor Kµ
ν by

Kµ
ν = δµν −

√
(g−1f )µν (18)

Define a generating function

det(δµν + λKµ
ν) = (1/4!)ϵµνρσϵαβγδ(δ +K)µ

α(δ +K)ν
β(δ +K)ρ

γ(δ +K)σ
δ

= 1 + λU (1)(K) + λ2U (2)(K) + λ3U (3)(K) + λ4U (4)(K)
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giving U (n)(K) (n = 1, 2, 3, 4)

U (1)(K) = εµνρσε
ανρσKµ

α = 3! [K]

U (2)(K) = εµνρσε
αβρσKµ

αK
ν
β

= 2
(
[K2]− [K]2

)
→ Fierz-Pauli

U (3)(K) = εµνρσε
αβγσKµ

αK
ν
βK

ρ
γ

U (4)(K) = εµνρσε
αβγδKµ

αK
ν
βK

ρ
γK

σ
δ (19)

Then the dRGT mass term is given:

√
−gU(g, H) =

√
−g

(
2U (2)(K) + α3U

(3)(K) + α4U
(4)(K)

)
minimal model α3 = α4 = 0.
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Focusing only the Stückelberg scalar π on the flat background gµν = ηµν,

decoupling limit,

ϕµ(x) = Aµ(x) + ∂µπ(x)⇒ ϕµ(x) = −∂µπ(x)
⇒ ∂µϕν(x) = ∂µ∂νπ(x) ≡ Πµ

ν (20)

g−1f → η−1f = 1 + η−1(∂ϕ) + η−1(∂ϕ)T + η−1(∂ϕ)η−1(∂ϕ)T

= 1 + 2Π + Π2 = (1 + Π)2 (21)

so that, in decoupling limit,

K =
√
g−1f − 1→ Πµ

ν = ∂µ∂νπ(x) (22)

these U (n)(Π) (n = 1, 2, 3, 4) give total derivative. No higher derivatives

appear.

Generating function of general mass term:
√
−gU(g, H) =

√
−g det(1 + λ

√
g−1f ) (23)
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5 Massive Supergravity
5.1 dRGT massive gravity theory can be obtained by dimensional reduction d = 5→ 4

dRGT have shown that the 2 site model of 5d Einstein theory, written in

terms of vierbein discretized on 2 points y1 and y2 on 5-th dimension, yields

after fixing all the 5d gauge symmetries∫
εabcd

(
Rab

1 ∧ ec1 ∧ ed1 +m2(e1 − e2)a ∧ (e1 − e2)b ∧ ec1 ∧ ed1)
)
+ (1↔ 2)

(24)

If both fields e1 ≡ e and e2 ≡ f on y1 and y2 are taken as dynamical →
bigravity.

If the field e a
2,µ = faµ on y2 are fixed to, e.g., faµ = δaµ, then dRGT massive

gravity for ea1,µ ≡ eaµ.∫
εabcdm

2(e− f )a ∧ (e− f )b ∧ ec ∧ ed)

→
∫
d4x
√
−gm2U (2)(K) =

∫
d4x
√
−gm22δµ[aδ

ν
b]K

µ
aK

ν
b (25)
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Performing the similar thing on 2site model of 5d SUGRA is naively ex-

pected to yield a SUSY version of the massive gravity, massive SUGRA.

Unfortunately, however, we were not yet able to get massive SUGRA, since

the SUSY is fragil against discretization.

But in any case, it gives us strong clue for the possible massive SUGRA.

so consider the KK reduction of d = 5 SUGRA, which consists of the fields

eAM(x, y), ψiM(x, y), AM(x, y), (i = 1, 2 : SU(2) label) (26)

5.2 Kaluza-Klein counting

Consider 5d SUGRA on M4 × S1, and expansion into KK modes:

φ(x, y) =
∑
n∈Z

φ(n)(x) e
inmy , m ≡ 1

R
(27)
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comp. gauge trfs n = 0 n = ±1, ±2, · · ·
eaµ : δeaµ(n) = ∂µξ

a
(n) massless (j = 2) 2 massive (j = 2) 5 = 2 + 2 + 1

↑
e4µ : δe4µ(n) = ∂µξ

4
(n) massless Bµ (j = 1) 2 NG (j = 1) 2

eay : δe
a
y(n) = inmξa(n) 0 by LL gauge 0 by LL gauge

↑
e4y : δe

4
y(n) = inmξ4(n) massless ϕ (j = 0) 1 NG (j = 0) 1

— — —

Aµ : δAµ(n) = ∂µθ(n) massless GB (j = 1) 2 massive (j = 1) 3 = 2 + 1

↑
Ay : δAy(n) = inmθ(n) massless (j = 0) 1 NG (j = 0) 1

— — —

ψiµ : δψiµ(n) = ∂µε
i
(n) massless GF (j = 3/2) 2 massive (j = 3/2) 4 = 2 + 2

↑
ψiy : δψ

i
y(n) = inmεi(n) massless (j = 1/2) 2 NG fermion (j = 1/2) 2

— — —
(28)
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n = 0 sector is identical with N = 2 d = 4 SUGRA, obtained by trivial

reduction.

The massive towers with n = ±1, ±2, · · · for each n look like

N = 1 massive multiplet 1 eaµ(n) + 2ψiµ(n) + 1Aµ(n) , (29)

which actually givesN = 2 massive multiplets for each n with central charge

m = Z = p4. But note that they are complex; φ†(n) = φ(−n).

Clearly, at the linearlized level, those KK modes φ(n) close within any pair

+|n| and −|n| for any n under the y ≡ x4-independent SUSY transfor-

mation ε(n=0)(x) as well as under the inhomogeneous shift trf ∂Mε(n)(x)

(because of p4 momentum conservation).

So we can truncate to n = ±1 modes on flat background, or cosine and

sine real modes:

φ(x)cos =
1

2

(
φ(1) + φ(−1)

)
, φ(x)sin =

1

2i

(
φ(1) − φ(−1)

)
, (30)
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We can further truncate to only y-parity even modes:

ea cosµ , e4 sinµ , ea cosy , e4 siny , Asin
µ , Acos

y (31)

ψcos
µ+, ψsin

µ−, ψsin
y+, ψcos

y− (32)

where, for 5D SU(2) Majorana spinors ψi=1,2,

ψ+ ≡ ψ1R + ψ2L

ψ− ≡ ψ2R − ψ1L, (33)

are both 4D Majorana ψ± = ψT
±C.

Then the SUSY invariance also reduces to

εi(0)(x) → ε(0)+ ≡ ε+ : const ← ... fixed to flat backgrond

εi(±1)(x) → εcos+ (x) ≡ η+(x), εsin− (x) ≡ η−(x) (34)
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5.3 Linearized theory by Kaluza-Klein truncation of 5D SUGRA

Action:

With definitions

eµ
aηaν ≡ eµν, hµν ≡ eµν + eνµ ≡ 2e(µν), eµ

4 ≡ Bµe
ϕ, ey

4 = eϕ

h ≡ hµµ, hµ ≡ ∂νhµν = 2eµµ, (35)

the Action at the linearlized level is (ey
a = 0 gauge):

S =
1

4
hµν

(
∂µ∂νh− 2∂[µhν] + hµν + ηµν

(
∂λhλ − h

))
−1
4
Fµν

2(A)− 2i
∑
i=±

ψ̄µiγ
µνρ∂νψρi

+
(m
2
hµν + ∂(µBν) +

1

m
∂µ∂νϕ

)2

−
(m
2
h + ∂ ·B +

1

m
ϕ
)2

+
1

2
m2

(
Aµ +

1

m
∂µAy

)2
+ (−2i)4m

(
ψ̄µ+ −

1

m
∂µψ̄y+

)
γµν

(
ψν− +

1

m
∂νψy−

)
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Transformation law: (ε+: const Weyl spinor)

δeµ
a = −2iε̄+γa

(
ψµ+ −

1

m
∂µψy+

)
+ ∂µξ

a

δeµ
4 = δBµ = 2ε̄+ψµ− −mξµ + ∂µξ

4

δey
4 = δϕ = 2ε̄+ψy− −mξ4

δAµ =
√
6ε̄+iγ5ψµ− + ∂µθ

δAy =
√
6ε̄+iγ5ψy− −mθ (36)

δψµ+ = ∂µη+ −
1

4
ωµ,abγ

abε+ +
1

2
√
6

(
γµν − 2ηµν

)
γ5ε+(∂νAy +mAν)

with ωµ,ab = ∂µe[ab] − ∂[ahb]µ
δψy+ = mη+ −

1

4

(1
2
Fµν(B) +me[µν]

)
γµνε+ −

i

4
√
6
γabγ5ε+Fab(A)

δψµ− = ∂µη− −
i

4
(Fµν(B)−mhµν)γνε+ −

1

4
√
6

(
γµab − 4ηµaγb

)
γ5ε+F

ab(A)

δψy− = −mη− +
i

2
(∂µϕ +mBµ)γ

µε+ −
1√
6
(∂µAy +mAµ)γµγ5ε+ (37)
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5.4 Toward full super version of the dRGT theory

In the dRGT theory, the AHGS’s ückeberg field was used to recover the

GC invariance; the mapping function Y M introduced by AHGS:

faµ(x) = ∂µY
M(x) δAM uaA(x) (38)

Y M(x) is the coordinate in the ‘target space’, so that it must be 4 world

scalar functions.

Y M(x) = xµδMµ + ϕM(x) : Stückelberg for GC

ϕµ(x) = ϕMηMµ = Bµ + ∂µπ : π(x) Stückelberg for U(1)

uaA(x) : Stückelberg for LL (39)

If Y M is treated as a world scalar, the induced vierbein faµ(x) exactly

transforms as a vierbein on the worldsheet, and so the mass term∫
m2εabcd

(
(e− f )a ∧ (e− f )b ∧ ec ∧ ed)

)
(40)

is GC invariant.
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It should be possible to extend this to the SUGRA case: introduce

Y M(x)→ a supermultiplet


Y M(x) target space vector

λ±(x) target space spinors

θ(x) target space scalar

(41)

as Stückelberg fields so as to make

induced viebein : faµ(x) = ∂µY
M(x) δAM uaA(x)

induced Rarita-Schwinger : Ψµ±,α(x) = ∂µλ±,α̂(x)U α̂α (x)
induced vector : fµ(x) = ∂µθ(x) (42)

Then the mass term, which should be N = 2 SUGRA invariant, will take

the form

Lboson mass =
M 2

P

4
m2εµνρσεabcd(e

a
µ − faµ)(ebn − f bν)ecρedσ −

1

2
m2(Aµ − fµ)2

Lfermion mass = m(ψ̄µ+ − Ψ̄µ+)γ
µνγ5(ψν− − Ψν−) (43)



21

The invariance under the GC and LL transformation is clear. Non-trivial

is the SUSY.

We are at present trying to find the full SUSY transformation rule, from

the linearlized result. But very non-trivial is the SUSY transformation rule

for the Stückelberg fields Y M , λi and uaA. We infer something like

δY M = (ε̄iγρλi)∂ρY
M

δλi = εi + (ε̄iγρλi)∂ρλ
i

δuaA = · · · (44)

which should, probably, reproduce the ‘usual’ N=2 SUGRA transformation

for the induced SUGRA multiplet faµ,Ψ
i
µ, fµ:

δf aµ = −2iε̄iγaΨµi

δΨi
µ =

(
∂µ −

1

4
Ω ab
µ (f,Ψ)γab

)
εi −
√
6

8

(
γµab −

2

3
γµγab

)
F̂ ab(f )

δfµ =
√
6iε̄iΨµi (45)
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5.5 mode number counting

If we succeeded in constructing this mass term invariant under the N = 2

SUGRA transformation, the mode counting after quantization a la BRST

will be the following:

Graviton sector:

gµν : 10

Y M →

{
ϕµ : 4

∂µπ : 1

GC ghost cµ, c̄µ : −4× 2

U(1) ghost c, c̄ : −1× 2

10 + 4 + 1− (4× 2 + 1× 2) = 5 (46)
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Gravitino sector

ψµ± : 4× 4(µ)× 2(±)
Nakanishi-Lautrup spinor B̄±∂

µψµ± : 4× 2(±)
λ± : 4× 2

super ghosts γ±, γ̄± : 4× 2(±)× 2 (47)

The fields ψµ±, B±, λ± all have first order derivative kinetic terms so that

the counting reads

4× 4× 2 + 4× 2 + 4× 2

2
− 4× 2× 2 = 4× 2 (48)

in coincide with the d.o.f. massive spin 3/2 particle.

Essential is the point that the Stückelberg spinor λ± has only first order

derivative kinetic term despite it appears in the derivative form Ψµ± = ∂µλ±
in the mass term:

Lfermionmass = m(ψ̄µ+ − Ψ̄µ+)γ
µν(ψν− − Ψν−) (49)

It is guaranteed by the antisymmetry property of γµν.
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This might be thought to be automatic by the balance between boson and

fermion mode numbers in SUSY theory. But it is not so because N = 2

SUSY are spontaneously broken (non-linearly realized) here, where λi are

the Goldstinos.


