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1. Introduction
BFQCD& & ?



Quarks

Atom

Nucleus

Proton

quark

Hadrons are made of more fundamental objects, named “quarks”.




1973: Kobayashi and Maskawa predicted existences of 6 types(“flavor”) of quarks.

2008 Nobel prize

Maskawa,

Kobayashi 7th director of YITP

charge 2¢e/3

charge -e/3




QCD (Quantum ChromoDynamics)

QCD: theory for dynamics of quarks cf. QED (Quantum Electrodynamics)
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gluon  quark

quark
‘ a=1~8
g @ dluon  gA,q=q*TigA% ¢" quarks-gluon interaction
quark A,B =1,2,3 (color) (electrons-photon in QED)
Fo, = 0,4, —0,A, — gf“bCAZA,‘j gluon field strength
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g : unique coupling constant in QCD

universal for all flavors



Some Properties of QCD

Asymptotic freedom forces becomes weaker at shorter distances

Gross  Politzer Wilczek

2004 Nobel prize

Quark confinement | forces becomes stronger at longer distances

no isolated quark can be observed

=

structure of nucleon

quark confinement



Difficulties of QCD

. ‘ T
me -
‘Free” proton = 3 quarks interacting with each others by exchanging a lot of

gluons, so that they move coherently.

Clearly, perturbation theory does not work !
Lattice QCD
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We need a non-perturbative method.
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Lattice Field Theories

Definition of Quantum Field Theories

1. Continuum (quantum) Field theories

e Perturbative expansion: needed to define the theory

e Divergences IZ{> Regularization/Renormalization
e Gauge volume :{> Gauge fixing

e Path-integral quantization, canonical quantization

2. Lattice (quantum) field theories

® does not rely on perturbation theory

e |attice spacing ¢ :{> regularization

e continuum limit (¢ — 0 ) has to be taken (renormalization)
e Path-integral in Euclidean space

e Strong or weak coupling expansions, Monte Carlo method



Lattice QCD

define QCD on a discrete space-time (lattice)

L

lattice size

d |
lattice spacing

q(x + fi)
. 2
U,(z) = €994 @ = 1 4 jgad,(z) + {Zga"g;(x)} +...€SU(B)  SU(3) matrix
gluon (lives on link) Infinite numbers of gluons (non-perturbative) !
——— e
O 0 Uulz)  o© 0 U_p(z+ ) = Uy(z)



continuum QCD lattice QCD

() {0, + igAu(@)}ala)  ——— gayy DT Z U D@ )

quarks(covariant derivative)

a— 0

quark interacts with many gluons in a very short distance !

quark action

S = Zq (z)g(x + f1) — U—u(x)Q(CIj — 1) 1 mZ(I(x)q(x)

2a gauge invariant

gauge transformation

q(x) — Q(z)q(z)
f

X)) — T T T ~\ T
q(x) — q(z)Q(x) Uu(x) — Qz)U,(2)2z + 1)



continuum QCD lattice QCD

2
%tr F,(2)? < tr U, (2)U,(z + 0)U,(x + 2)'U,(z)"  gluons

a— 0

r+17 @ — Q@ r+a+0

plaguette 4
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gluon action

1 N\ N\ T -
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Path integral

continuum QCD

1 —_ P .
<O(A/uq767)> — Z/DAMDQDQO(AWQ,Q)G So—Sint

]. . _ > _Sin n _
= E/DAMDQDQO(AW%Q)Z( n!t) e 50

n=0

perturbative expansion

lattice QCD

1 — S
OUu,q,7)) = E/DUMD(]DQO(UM,Q,Q)G Sr—Sc

calculate without perturbative expansion

Important properties

/ DU, (x) U (z) = 0
gluon is random /DUM(x) detU,(z) =1

/DUM(ZIZ) U, (2)U,(z)" = 1343



Strong coupling expansion

) — 0 g* — 00 strong coupling limit

> — (0 by U integral quark confinement

meson

—— 40

after U integral

baryon

- # 0
>

meson and baryon can propagate !



In terms of perturbation theory

If g% 1s small but non-zero

1 | |
plaquette — O <—2> Strong COUpllﬂg expansion

3 quarks can propagate separately but still coherently,
as a free baryon.



Monte-Carlo simulations

After integral over quarks

(0(q,q,U)) = /DCIDCYDU explg D(U) q + Sc(U)]O(q,q,U)

= /DU det D(U)e*¢ W O(U)
probability of U = P(U)

Importance sampling according to P(U) “Monte-Carlo simulations”

calculate complicated QCD processes by computer simulations

» uses of super-computers are required.

Yet calculations are not so easy.
Recently hadron masses have been accurately calculated. (free hadrons)




2. Hadron spectra
INROYEEDEE



Hadron mass calculations

Plreg—w—>— >—c0a P
00 o R i T g ®

gl
creation/annihilation of quark-antiquark pair

“‘effect of det D(U)”

Z-pt correlation function set det D(U) = 1 : quenched approximation

; 1 )
(0|p(0,0) — Zp t,Z)|0) = O\JO(O,O)Z!HWIV > b(t,Z)[0

= 57 {0lp(0, D)) |2e "7t = Coe= ™0t 4 Cre=™t 4.

» extract the ground-state hadron mass mg from the large ¢ behavior




Meson propagator Nucleon propagator

Meson propagator Nucleon propagator
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periodic boundary condition in time

pion is lighter than rho. Nucleon is lighter than its negative-

parity state.



Chiral extrapolation

It is difficult to make quark mass as small as the “experimental” value in numerical
simulations. Extrapolations from heavier quark masses are usually made.

Other hadrons

Pion mass

m_, m, vs. 1/K
. P
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Continuum extrapolation

a — 0 limit should be taken.

Nucleon mass

my VS. a
Plageutte gauge/Wilson quark, Quenched QCD
1.1 . - ! : : :
¥exp. . continuum extrapolation by fit
1.05 t i
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lattice spacing



The state of arts for hadron masses
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Sciences 322(2008)1224

an agreement between lattice QCD
and experiments is good.
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PACS-CS Collaboration
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Phys. Rev. D79 (2009) 034503

a = 0.09 tm
L=29fm msL=23
mmin = 156 MeV

Almost on physical quark mass
(no chiral extrapolation)

chiral extrapolation vs. physical point

Chiral extrapolation sometimes becomes
non-trivial due to the chiral-log, as shown
In the figure.



Further improvement Borsanyi et al.

. . my, 7 myq effect arXiv:1406.4088[hep-lat]
Iso-spin breaking effects QED effect ( o, = —20y ) 1+1+1+1 flavor QCD (u,d,s.c)
10 : | + non-compact QED
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AN =n—p 1.51(16)(23) 2.52(17)(24) | -1.00(07)(14)
AY =X — Xt 8.09(16)(11) 8.09(16)(11) 0
=== -—-=0 6.66(11)(09) 5.53(17)(17) | 1.14(16)(09)
AD = D* — DY 4.68(10)(13) 2.54(08)(10) | 2.14(11)(07)
A, ==+ —=F 2.16(11)(17) -2.53(11)(06) | 4.69(10)(17)
Acac = AN — AY + A= 0.00(11)(06) -0.00(13)(05) | 0.00(06)(02)




Fine tuning in Nature ?

physu:al point




3. Weak matrix elements
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3-1. Decay constants for PS mesons

u 1" (pa)
Ol dyysulm ™ (p)) = ipy far, (O1SyuysulKT(p)) = ipu fi+.
4 1%,4 axial-vector current
+
Au
d V. (pa)
A-P correlation function
5 S S 1 _
T T -4 mt + + T —
(0143 ZP (. 2)|0) = (01AF (0,0)/7 ™ (0)) (™ (0)]5> > P™ (£, 8)[0) + -

P-P correlation function

(0]P(0,0)— ZP” (t,2)|0) = (O|P™" |7 (0))(x+ (0)| P™ [0)e™™=" + -

» (0145 |7 (0)) = mrfrs




The latest lattice results
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3-2. Kaon B parameter Bx

Ky - Ko mixing parameter (indirect CP violation)

S .. Vo d
K’ et ue,t K’ effective 4-fermi oeprator

a7 W : 0%=" =[5y, (1 — ys)d] [5v, (1 — ys)d]

_ 0,C,t . _

s 5 d Weak Matrix Element
K W W R

y 5 - . KO [0A5=2(1)| KO

u,c,t BK(,U/) — ( } §R | ) .

3-pt correlation function
(0] Ko (t1) Q72 (t0) Ko (t2)]0) = (0| Ko| Ko)(Ko|Q77=|Ko) (Ko| Kol0)e ™™o l2=t) 4 .



The latest lattice results

Vo

FRG2013 Bk« RG invariant B parameter
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3-3. Kaon decays
K — mm decays AKY — nta%) = \/§A2€i52

AK® = 7t~ \/714 £i00 —|—\/7A2€ 0p,2 strong phases

A(KY — 707 \/71406 —2\/71426

A K — 7 (I = 0,2) weak decay amplitude

Al =1/2 rule

= 22.45(6) Experiment

CP violation

. . 1 ;
direct CP violation g = ﬁlm (—) ', O = 7/2 4 dg9 — dy,



Some lattice results

K — (n7) =2 decay amplitude T. Blum et al, PRL108(2012)141061
. T. B.um et al, PRD86(2012)074513
Lattice
4 ) _
ReA; = 1.381(46)y((258)45107% GeV, Experiment
_ —8
IMA; = —6.54(46)5(120)4y 10713 GeV. Redy = 1.479(4) x 107"GeV
\ _J
KT decays
a1 =1.364 GeV, m, = 142 MeV, mg = 506 MeV
Wo,. = 486 MeV
Al =1/2 rule P. Boyle et al., PRL110(2013)152001
Lattice Experiment
4 )
ReA, {9.1(2.1) for mg = 878 MeV, m_ =422 MeV Re Ay 29.45(6)
ReA, 112.0(1.7) for mgx = 662 MeV, m._ =329 MeV. Re Ay
\ J

a” 1 =1.73 GeV



4. EoS at Finite Temperature QCD
BREEEQCDDIAREAIEI



Finite temperature QCD

Phase transition at finite T

hadrons (quark confinement) quark-gluon plasma (deconfinement)

T — large

Lattice QCD at finite temperature

1
N7 x Ny, Np < N » T'=——
Nta

Equation of State (EoS) p(T),s(T),e(T)

free energy pressure pl) _0logZz InZz

T oV V
F=-Tlog/ _ 1 Olog Z
o5 ’ energy density e(T) = 7 81§T

entropy density  s(T') = ‘l/ﬁ(T(;(;g 2) _ 1@ 4 5(;’)




Equation of states from lattice QCD

The latest lattice results

Borsanyi et al.
arXiv:1312.2193[hep-lat], 2+1 flavor QCD

Pressure
6 | | ' | ' |
L . . . . B i
ol BN [attice continuum limit ;_
L
£ s
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|
200

300 400 500
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T, = 157(3)(3)

Entropy & energy density

O ! I

150 200 250
|

200
T, = 157(3)(3)

300 400 500
T[MeV]

speed of sound



5. Hadron interactions
BFQCDIC LB ENDEE

--approaches to nuclear physics from lattice QCD--



5-1. Hadron Interactions

1949 Nobel prize
(1st in Japan)

Meson Theory (before quarks) 1935 Hideki Yukawa (1st director of YITP)
. Nucleons interact with each other by exchanging virtual particles.

Ex. Nuclear Force

. the interaction range is proportional to the inverse of the virtual particle’s mass
. -> the virtual particles are heavier than electrons but lighter than nucleons

« >(m)"'meson”

e T~~~ ¢ P WP
o — ;\L\ . N — l\)-\n
Coulomb potential Yukawa potential
Vi) = <1 vy =L

 Arvr



Modern nuclear forces after Yukawa

Nuclear Potential

Yukawa(1935)
300 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1

1SO channel

- One-pion exchange

repulsive
core

\O

Multi-pions/heavy mesons

Repulsive core t -
I Bonn _
- Reid93 -
-100 AV18 -
- r[fm] -
[ N N N R N N N SN NN N NN N N N NN NN NN SN N TR N
0 0.5 1 1.5 2 2.5 Taketani et al.(1951)
Jastrow(1951) r

‘ < > ‘ distance between nucleons



Nuclear forces in terms of quarks ?

Meson Theory Quark Theory

Much more difficult than masses.



5-2. Three strategies to nuclear physics

Extreme calculate nuclei directly from lattice QCD

Ab-Initio but (almost) impossible. difficult to extract “physics” from results

difficult to apply results to other systems

nuclel propagator

3A quark lines A: atomic number

large number of contractions/very noisy

1
some reduction (Doi-Endres, CPC 184(2013)117)




binding energy of A=3,4 nuclei

°H (=°He) 1He

| | | | | ED | | | | I | |
PACS-CS, Nf=0 +—o— _
PACS-CS,Nf-2+1 —8— | ¢
NPLQCD, Nf=2+1 —@—
NPLQCD, Nf=3 —e— | 50| _
A R {
40 L { _
-60 | i
3 ¢ :
.80 | i
100 -
: PACS-CS, Nf=0  —e— ¢
¢ 120 - PACS-CS, Nf=2+1 —&— :
: NPLQCD, Nf=3 +—e— l
1 1 1 1 | 1 1 Iqu ] 1 Exlp. 1 * | 1 1 |
01 02 03 04 05 06 07 08 0 01 02 03 04 05 06 07 0.8
2 172 2 2
ms |GeV?] mz |GeV~|

PACS-CS, PRD81(2010)111504, PRD86 (2012) 074514.
NPLQCD, PPNP66(2011)1, arXiv:1004.2935.

signals can be obtained, though results scatter.



Standard| calculate NN phase shift from lattice QCD

Ab-Initio for phase shift. Results can not be directly applied to nuclear physics.

phase shift * nuclear potential :{> nuclear structure

(Lijsher’s finite volume method for the phase shiftj

two particles in the finite box (V' = L?)

2
energy  E = 2v/k2 + m? * k;é%n(neZ:g)

due to the interaction between two particles

* phase shift ¢;(k,,)

2 kL
Formula (Ex.)  kcotdg(k) = ﬁLZQQ(l;QQ) k= |k 4= 7= + 7
generalize zeta-function Zyg(s;¢?) = L (n* —¢*)~*®



sinz(é)

w7~ scattering ( p meson width)

ETMC: Feng-Jansen-Renner, PLB684(2010)

® CMF ® CMF
i 7
¢ ME2 *
A sinz((‘))=1=>aMR A sinz(é\))=1=>aMR

sinz(é)

Resonance can be treated in this way.



I = 1 7w scattering (,0 resonance) Dudek-Edwards-Thomas, PRD87(2013)034505

51 (Ecm)
180 - _
oy FEFE Es 180 == ﬁ_@
160 - i 160
HBEr
140 L N 140
120} 120 s Ljag =24
O m] =
~ 100} b ° 100 L/a, =20
—
S —_ ° L/a, = 16
80| 5 ( — © 80
P =10,0,0 . .
aLla; =24 . Breit-Wigner
60 - = Ii =1[0,0,1] 60 no H.Q. Gaussian
o L/as =20 | P=101,1] barriers barriers barriers
40 | P=11,1,1 40
o Ljas =16
P =10,0,2] Peld
20 - }ﬁa_{ N J 20 Ynedl?fézin
0 | L S L L L I
0.14 0.15 0.16 0.17 0.18 a; B 0 0.17 018 0,
: : cm

2-flavor anisotropic clover fermion
as ~ 0.12fm
m. ~ 400 MeV



Alternative| calculate nuclear potential from lattice QCD strategy in this lecture

Ab-Initio for potential. “Physics” is clear

nuclear potential :{> nuclear structure

Difficulties

A. Interactions are much more difficult than masses.

more complicated diagrams,
larger volume,
more Monte-Carlo sampling, etc.

B. Definition of potential in quantum theories 7

classical V' (x) » quantum  V (x) potential is an input

no classical NN potentials QCD VNN (33 ) ? output from QCD



Potentials in QCD ?

What are “potentials™ in quantum field theories such as QCD ?

“Potentials™ themselves can NOT be directly measured. cf. running coupling in QCD

scheme dependent, Unitary transformation

experimental data of scattering phase shifts potentials, but not unique

80 T T T T T I T 3OOT
[ 1 ]
[ —— Vvirtual state 15’0 S, channel 1
60 - 200 |
mid-range | 0 |
/ attraction D [repulsive -
40 - E 100 |- core |
= I |
h - = l
short-range - .
— — 0 et
20 repulsion i
- L Bonn
\ | Reid93 ]
0 \ -100 - AV18 - [fm] ]
[ +] T T N N T T S (NN S SR S NN T A S S N R A R
i | ] 0 0.5 1 1.5 2 25
L ] 1 | I | 1 (1 7 -
20 100 200 200 200 useful to "understand” physics

T, [MeV] cf. asymptotic freedom

“Potentials” are useful tools to
extract observables such as
scattering phase shift.

One may adopt a convenient definition
of potentials as long as they reproduce
correct physics of QCD.




5-3. Our strategy in lattice QCD

Full details: Aoki, Hatsuda & Ishii, PTP123(2010)89
Consider “elastic scattering”

NN — NN NN=NN—+ others (NN = NN=mANN-+NN, ...

energy Wi = 2\/k2 + m3; < Win = 2mpy + my Elastic threshold

Quantum Field Theoretical consideration

Unitarity constrains S-matrix below inelastic threshold as
q — €2i5

Ex. Scalar particles [ do(k) \




Step 1

define (Equal-time) Nambu-Bethe-Salpeter (NBS) Wave function

Spin model: Balog et al., 1999/2001

ok(r) = (0O|N(x+r,0)N(x,0)|NN, W)

/

N () = eapeq®(2)q®(x)q¢(x): local operator “scheme”

Asymptotic behavior of NBS wave function

A
no interaction

~N

r=|r| — oo

Nirtial wave

ot — A

interaction range

NBS wave
function

L

A4

QCD eigen-state

sin(kr —In /24 6;(k))

kr

scattering wave function
IN quantum mechanics

cf. Luescher’s finite volume method  allowed k at L » 01 (kn)



Step 2| define non-local but energy-independent “potential” as

p=mn/2
[sz — HO] Pk (X) — /d3y U(X, Y)Sﬁk (y) reduced mass
€ = k_2 Hy = —V non-local potential
214 214

(Trivial) proof of “existence”

We can construct a non-local but energy-independent potential easily as

W, W, <Win inner product

Ux,y)= >  lex— Holox(X)mc oot (¥) M verse of M = (¢, i)
I, k!

For vVVp < Win

/dgy Ux,y)bp(y) = Z e — Ho) Wk(z)nljdnk’,p = lep — Ho| pp(x)

Remark

Non-relativistic approximation is NOT used. We just take the specific (equal-time)
frame.



Step 3| expand the non-local potential in terms of derivative as

U(x,y) = V(x, V)& (x — y)
V(X, V) = Vo(’l“) + VO(T)(O'l ° 0'2) -+ VT(T)Slg -+ VLs(T)L .S + O(VQ)

LO LO LO NLO NNLO

spins

tensor operator Sy, = %(01 x)(0g - X) — (0 - )

This expansion is a part of our “scheme” for potentials.

Step 4| extract the local potential at LO as

€x — Holpk(x)
P (X)

VLQ (X) —

Step 5| solve the Schroedinger Eg. in the infinite volume with this potential.

* phase shifts and binding energy below inelastic threshold

We can check a size of errors of the LO in the expansion. (See later).



5.4 Results

Standard method to extract NBS wave function

NBS wave function Potential
pr(r) = (0[N (x +r,0)N(x,0)[NN, Wy) * ler — Holopi(x) = /dSy Ux,y)ek(y)

4

4-pt Correlation function source for NN
F(r,t —ty) = (0T{N(x +r,t)N(x,t)}J (t0)|0)

complete set for NN
F(I‘,t o tO) — <O|T{N(X T r, t)N(X, t)} Z |2N7 Wna S1, S2><2N7 Wn7 S1, 82|7(t0)|0>

n,si1,s82

Z An,sl,sz Spwn (r)e_Wn(t_tO)a An,81,82 — <2N7 an S15 52|7(0) |O>

n,si1,s82

ground state saturation at large t

llm F(I’,t — to) p— AOSDWO (r)e_WO(t_tO) _|_ 0(6_ n;éO(t_tO))

(t—to)—>oo

NBS wave function

This Is a standard method in lattice QCD and was employed for our first calculation.



Improved method Ishii et al. (HALQCD), PLB712(2012) 437

normalized 4-pt function R(r,t)

Fr,0)/(e7™)2 = 37 A (r)e 2!

AW, =W, —2mpy = ki — (AWn>2
n n N ma ‘4WQA[
* O l / l1 H?
—gR(r,t) = {HO + U — T } R(r,t)
potential N Leading Order
0 1 82 3./ / /
—Hy — > - T 0P R(r,t) = [ d°r" U(r,r")R(x",t) = Vo(r)R(r,t) + - -

total

Ist 2nd 3rd

40_||||

30 F

3rd term(relativistic correction)
IS negligible.

Veo(r) [MeV]

total A
st term —— 7
2nd term ———

1 I3r;d 1 t?r.lm 1 1 1 | :

0 0.5 1 1.5 2 2.5

Ground state saturation is no more required !
(advantage over finite volume method.)



2+1 flavor QCD, spin-singlet potential (PLB712(2012)437)

NN potential

a=0.09fm, L=2.9fm m_ ~ 700 MeV phenomenological potential

40_|||||||||||||||||||||||||_ 300_""""""I""I""_
- ; - 'S channel
30 1 — _ 0 1
- 7 1:; . I
20 - 0 E 200 - -
- - _ | |
o 10 - * = > [ repulsive | 21 | .
= C ] 2 100 |- core | o,w, o0 | ]
- 10 [ Wi i = | |
o - __ " T ] L
> N ‘ %4 ] 0
20 F o : |
-30 :_ ‘<"1!“|!|M"| _:
: ] -100 |
-40 C oo oy by by T
0 0.5 1 1.5 2 2.5 0

r [fm]

Qualitative features of NN potential are reproduced !

(1)attractions at medium and long distances
(2)repulsion at short distance(repulsive core)

1st paper(quenched QCD): Ishii-Aoki-Hatsuda, PRL90(2007)0022001

selected as one of 21 papers in Nature Research Highlights 2007. (One from
Physics, Two from Japan, the other is on “IPS” by Sinya Yamanaka et al. )



phase shift

NN potential *

0 T —
1 exp
50 _ SO lattice b
ll acP(1Sy) = 23.7 fm _:
g 0 0) — a9 :
30 -
7 e :
© 20 ‘ :
© 3 :
10 7 00 (1Sy) = 1.6(1.1) fm
0 J --- T e _
-10 F <
-20 T T T S N S T
0 50 100 150 200 250 300 350
E.ip [MeV]

It has a reasonable shape. The strength is weaker due to
the heavier quark mass.

Need calculations at physical quark mass
on K-computer.




6. Summary



Lattice QCD is a very powerful method to investigate dynamics of quarks

not only hadron masses but also hadron interactions can be investigated from
the 1st principle

the potential (HALQCD) method is new but very useful to investigate not only
the nuclear force but also general baryonic interactions in (lattice) QCD.

the method can be easily applied also to meson-baryon and meson-meson
Interactions.

Our strategy

Neutron stars
Supernova explosion

Potentials from Nuclear Physics
lattice QCD with these potentials




Back-up



Convergence of velocity expansion: estimate 1

If the higher order terms are large, LO potentials determined from NBS wave
functions at different energy become different.(cf. LOC of ChPT).

m,. ~ 0.53 GeV K. Murano, N. Ishii, S. Aoki, T. Hatsuda

[Numerlcal check in quenched QCD] 1=0.137fm. Le4.0 fm BTP 125 (2011)1225.

e PBC (E~0MeV) e APBC (E~46 MeV)

NBS wave functions

PBC BS wave function

APBC BS wave function

potentials

500 [MeV] 1SO V_.APBC 500

400 400
1 300 500 T = 300

200 400 200
100 100
0 200 |

-100 -100




Ve(r;'So):PBC v.s. APBC 1=9 (x=+-5 or y=+-5 or z=+-5) p:hase sqlﬂs from potentials

100 T : i | D1Ij ,,,,,,,,, i ,,,,,,,,,, APB:{_’; :--
600 |° ! al O PBC
: E 4gMeV] | |6 "
50 5 Mev . 1 [}
i 1 n.nsl-f:' |,
; 400 |} g | ' E Ii I -l'.
'Q O B .‘ = s In I -l
é. o UI.. ................................... 2 SirAstiiserriten et il atensy
= : | .
0 i I .
> 200 | e ! | .
. -50 ' QD oosll | =
i 0 05 1 1.5 2 ) | .
°\ ‘ | E=44.5 MeV (APBC) »
0 N-.M -n1| |
' Iﬂ 50 1b0 150 200 250 300 350
0 05 1 15 2 | |

—_— EI ab [MEV]
r[fm] - T

Higher order terms turn out to be very small at low energy in our scheme.

Need to be checked at lighter pion mass in 2+1 flavor QCD.
Note: convergence of the velocity expansion can be checked within this method.

(in contrast to convergence of ChPT, convergence of perturbative QCD)



Convergence of velocity expansion: estimate 2

Kurth, Ishii, Doi, Aoki & Hatsuda, JHEP 1312(2013)015

Potential vs Luescher (I=2 pi-pi scattering. Quenched QCD)

0) T T I ' ! ! !
o L i
4 | |
6 F i
ol | both methods
_ agree very well.
= 107 phase shifts V=(1.84fm)° —a—
1ol - V=(2.76 fm)® +—=—
14 ¢ .....................
6 L a=0.115 fm m%’"”===:::,,:::;;: """"""""""""""""""""""""""
mﬂ' p— 940 Mev ...............................................
-18 + . .........
-20 i I | I ' | ' L
0 50 100 150 200 250 300 350 400
EculMeV]

This establishes a validity of the potential method and shows a good convergence
of the velocity expansion.




More structure at LO ‘ Tensor potential ‘

(Ho + Vo (r) + Vp(r)S12)Y(r; 17) = E(r; 17)
J=1, S=1

mixing between 351 and ®D; through the tensor force

3‘Sl 3D1
Y(r;17) = P(r;17) + Qip(r; 171)
“projection” to L=0 “projection” to L=2




Wave functions

Quenched Aoki, Hatsuda, Ishii, PTP 123 (2010)89
i | | T | | I L L
(a) (b)
®® 0 0 o o ® © © © O W ' ® 0 o o ® © © © ® O
(qub I_=O 3 GDGDGp
$ ° 3S1 e o® 381 o
D_I —A— 1)) 3D1 A
m, = 529 MeV m,. = 529 MeV
=2 multi-value single-value
>
L aanctnBTBL A A A A 4 A A A poaa pad .
a8 giﬁﬁ% e P il A A N B N, Y
| I ] PR T T | ] ] | I T T ] ]
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
r [fm] r [fm]

divided by YQQ(@, qb)



|Potentials |

V(r) [MeV]

full QCD

3500 |
3000 §

2500 |

2000 |
1500 |
1000 }

500 |

0

r [fm]
a~0.091 fm L ~291tm
200
® no repulsive core in the tensor 100
potential.

e the tensor potential is enhanced

in full QCD

Potential { MeV )

quenched QCD

300 F0) 100 e ———
I I s
. - \;':]'(r) 1
s00} ° 01 .
S ' |
— _ 0 -..:‘.!.-isii-c- .......
< 100 } [ - .: * Quenched QCD result ]
. m =731 MeV |
° 0 b———
0.0 0.5 1.0 1.5 2.0 2.5
b g e
Y ]
r [fm]
a~0137fm L ~4.4 fm
|1|III il‘ n 1 :r
\H‘D\- Vo
- O\ from
NN R.Machleidt,
Adv.Nucl.Phys.19

Fig. 3.7. The contributions from o
and p (dashed) to the T = 0 teasor
potential. The solid line is the full

potential. The dash-dot lines are
obtained when the cutoff is omitted.




Quark

mass dependence (full QCD)

V{r; °8,-°D,) [MeV]

Quark mass dependence
4500 r—————————————
4000 , 80 — AT
# 60 m =570 MeV —— |
8500 f¢ g m’=700 MeV
< 3000 B 40 f
(] o .
= 2500 |
5 2000
i 1500 F
> 1000
500 E
0
500 &
r [fm]
Quark mass dependence
20 .l | | | | » L | | | | | |

I
100 Fi oo ]
., m =411 MoV —e— |
120 | m =570 MeV —«— 1
my=700 MgV —e— |
Mo — . .. . .
0 0.5 1 1.5 2 2.5

Quark mass dependence

5 ¥ t m_=411 MeV
00 cof | m-5roMev
3 ) m =700 Me
%' 2500 , 40 _, t T
2 2000 | )
& 1500 F .
%) i
> 1000 |
L 500 b
0
500 L

® the tensor potential increases as the pion
mass decreases.

® manifestation of one-pion-exchange ?

® both repulsive core and attractive pocket are
also grow as the pion mass decreases.



2. Hyperon Interactions




Origin of the repulsive core ?

quarks are “fermion’ » two can not occupy the same position. (“Pauli principle”)

they have 3 colors(red,blue,green), 2 spin( T l ), 2 flavors(up,down)
6 quark can occupy the same
position

o) —
... 00

but allowed color combinations are limited + interaction among quarks

?

» repulsive core ?




What happen If strange quarks are added ?
A(uds) interaction

A(uds)

all color combinations are allowed

?

» no repulsive core ?




J-PARC (Tokai
s e

;,_.Japan)

| & P

FF

Octet Baryon interactions

g

oMo e ®

- phase shift available for YN and YY
scattering are limited

. plenty of hyper-nucleus data will be
soon available at J-PARC

. prediction from lattice QCD
. difference between NN and YN ?



Baryon Potentials in the flavor SU(3) limit

My = Mg = Mg
1. First setup to predict YN, YY interactions not accessible in exp.
2. Origin of the repulsive core (universal or not)

SN

AYaV; X“\jﬁ‘j
8X8=27+8s+1+10"+10 + 8a

Symmetric Anti-symmetric
6 independent potentials in flavor-basis

V[E?]{:r)! rES]{F) Vﬁl]'{:r:] — 151}
(107%); (10 (Ba),; 3
Vi ir), vi-ir), Vvir) e—— °§,

3-flavor QCD a=0.12 fm

Inoue et al. (HAL QCD Coll.), PTP124(2010)591 L=21m

Inoue et al. (HAL QCD Coll.), NPA881(2012)28 L=2-41m



V(r) [MeV]

V(r) [MeV]
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~ 4 tm, m, >~ 470 MeV
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8s: strong repulsive core. repulsion only.
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1: attractive instead of repulsive
core | attraction only . H-dibaryon.
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10: strong repulsive core. weak attraction.
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8a: weak repulsive core.
strong attraction.

Flavor dependences of BB interactions become manifest in SU(3) limit !



H-dibaryon:
a possible six quark state(uuddss)
predicted by the model but not observed yet.

http://physics.aps.or nopsis-for/10.11 PhysRevl ett.106.162001

April 26, 2011

Binding baryons on the lattice @



http://physics.aps.org/synopsis-for/10.1103/PhysRevLett.106.162001
http://physics.aps.org/synopsis-for/10.1103/PhysRevLett.106.162001

H-dibaryon in the flavor SU(3) limit

2=0.12 fm Inoue et al. (HAL QCD Coll.), PRL106(2011)162002

Attractive potential
In the flavor singlet channel

possibility of a bound state (H-dibaryon)
AN — N= - XX

volume dependence pion mass dependence
200 200 [ T T ! T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
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L=3 fm is enough for the potential. lighter the pion mass, stronger the attraction

—asr 2
fit potentials at L=4 fm by V(r) = are”®" +ay (1 B 6_a4r2)2 (e )

r



Solve Schroedinger equation
In the infinite volume

* One bound state (H-dibaryon) exists.

Bound state energy E, [MeV]

O ' ' ' | ' ' ' | ' ' ' | ' ' ' | ' ' ' | ' ' ' | ' ' ' | ' ' ' | ' ' ! ! ! | L ! | ! ! ! | ! ! ! | ! L I ! ! | ! ! ' | t
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- - IN ner MeV
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| | s a Z
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400 | 1
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2001 HAL e |
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0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 0O 200 400 600 800 1000 1200 1400
Root-mean-square distance V{r2) [fm] Mz [MeV]

An H-dibaryon exists in the flavor SU(3) limit.
Binding energy = 25-50 MeV at this range of quark mass.
A mild quark mass dependence.

Real world ?



Deuteron
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3. Extensions



Bound state energy E;, [MeV]

-10

a0 |
a0l

-60

H-dibaryon with the flavor SU(3) breaking

SU(3) limit *

- Mps = 837 [MeV] =---A---s
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A
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Real world

2.0

My = Mg F Mg
4 2386 MeV

129 MeV




S=-2 “Inelastic” scattering

my = 939 MeV, mp = 1116 MeV, mx, = 1193 MeV, m== 1318 MeV

S=-2 System([=0)

Mapn = 2232 MeV < My= = 2257 MeV < Msyy= 2386 MeV

The eigen-state of QCD in the finite box is a mixture of them:

S =-2,1=0,E); = ci(L)|AA, BY + co(L)|EN, E) + c3(L)|%, B)

B = 2\/m3 + D} = \/m2 + p§ + \/m% + p§ = 2/m3 + p3

In this situation, we can not directly extract the scattering phase shift
in lattice QCD.



Extended method

Let us consider 2-channel problem for simplicity.

NBS wave functions for 2 channels at 2 values of energy:

ot (%) = (0IA()A(0) | Ea) a=1.2
U™ (%) = (0E(x)N(0)|Ea) ’
They satisty
(V2 +pa) ¥y (x) =0
(V2 +q2) 5N (x) = 0 A




We define the “potential” from the coupled channel Schroedinger equation:

( V2 p2

_|_

) WA ) = VAN G o) 4 VAN SN Y (x
2UAN  2pAA

diagonal off-diagonal

v2 . = = = = =

(2 + 2qa ) \Ij;N (X) _ V_N<—AA (X)\IJQA (X) 4+ VHN<—._N (X)\IJZN (X)
=N =N _

g 8 off-diagonal diagonal

1: reduced mass

P,  q
E — (8% (8% _
“ O 2uan 2u=nN X£Y X, Y = AA or EN

(Vi) = (38 0o )" (& - et )




Using the coupled channel potentials:

VAA<—AA (X) VEN<—AA (X)
VAA<—EN (X) VEN<—EN (X)

we solve the coupled channel Schroedinger equation in the infinite volume with
an appropriate boundary condition.

For example, we take the incomming AA state by hand.

In this way, we can avoid the mixture of several “in"-states.

S =-2,1=0,E); =ci(L)|AA, BY + co(L)|EN, E) + c3(L)[2%, E)

Lattice is a tool to extract the interaction kernel ("T-matrix” or “potential”).



Preliminary results from HAL QCD Collaboration

Sasaki for HAL QCD Collaboration

2800

Gauge ensembles thresholds
—
In unit
of MeV
x 701+l 5702 al122
K 7891 71342 6352 2702MeV
m/m_ 0.89 0.80 0.65 o AA : 3288MeV . 2718MeV
7K NE :3295MeV *,
N 1585+5 141112 1215%12 ™ '
A 1644+5 1504+10 1351+ 8 3008MeV %,
16604  1531=11  1400£10 SUZIEEY

1710£5 1610+ 9 1503+ 7

[1]

2700

u,d quark masses lighter SU(3) breaking effects becomes larger



V [MeV]

V [MeV]

coupled channel 3x3 potentials

.
Diagonal elements
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d [deg]

AA and N= phase shift Preliminary !

Esb1 : ma= 701 MeV Esb2 : ma= 570 MeV Esb3 : mn= 411 MeV

200 San ——— 200 O 200 S .
150 gy — 150 // _— [ — - | gy T—
100 1/\1 1/\1 100 / - 100
50 :E 50 T :E 50
50 N= 50 T B0
0 5 10 15. ......... 20 25 30 0 5 10 15 20 .'.’2'.5 '.’.ul.\';o 0 5 10 15 20 ..;5-
Vs - 2M, [MeV] \s - 2M, [MeV] \s - 2M, [MeV]
Bound H-dibaryon H as A A resonance H as A/ resonance
coupled to N = H as bound N= H as bound N =

This suggests that H-dibaryon becomes resonance at physical point.
Below or above N= ? Need simulation at physical point.

Physically, it is essential that H-dibaryon is a bound state in the flavor SU(3) limit.

30



4. Challenge: Three nucleon force (TNF)

Maximum mass of neutron stars

2.5
2 INNN J1614-2230 -
1.5 - PSR1913+16 _|
M _
Mo : NN
05
| | | | |
0 8 10 12 14
R (km)

(pmax ~ GPo)

sustains neutron stars

1 against gravitational collapse

Repuls

Pressure balance

Fermi

< gravity




TNF from lattice QCD

Doi et al. (HAL QCD), PTP 127 (2012) 723

NBS wave function

(1,2) pair

Triton(l = 1/2, J¥ =1/2T)
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Linear setup
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scalar/isoscalar TNF is observed at short distance.

further study is needed to confirm this result.



