2r @O $K $* $1 $k %" %k %4 %j %: %‘ {P our-El M} O@ $H BSS M} O@ { H, ?y K~ Mx ;R !J 5~ ET ;: 6H Bg 3X !K Algorithms in Analysis{Theories of P our-El and BSS{ Mariko Y asugi(Ky oto Sangy o Univ ersit y) Abstract This is an exp osition of a computational system o v er an ordered ring or �eld whic h consists of iterated applications of p olynomials and ev aluations of inequalities. Its applications to dynamical systems and to computabilit y problems in analysis are also explained. %- !< %o !< %I !’ :F 5" 4X ?t !" 7W ;; 2D G= !" <B 8z E* !" BSS %^ %7 %s !" 7h Dj 2D G= (recursive function !" computable !" e�ective !" BSS machine !" decidable) 1 $O $8 $a $K ?t 3X $r %" %k %4 %j %: %‘ $N 8+ CO $+ $i 9= C[ $7 D> $9 $3 $H $O !" 8E $/ $+ $i 9T $o $l $F $- $? !# EA E} E* $K $O !" <+ A3 ?t >e $N :F 5" E* !J 7W ;; 2D G= !K 4X ?t $r 4p K\ $K $7 $F !" <B ?t $d <B ?t >e $N 4X ?t $r 9= @. $7 $F 9T $/ $b $N $G $" $C $? !# M. B. P our-El $O $3 $N 9M $( J} $r 3H D% $7 $F !" 2r @O 3X $N 3F M} O@ $K !" 7W ;; 2D G= @- 9= B$ $H 8F $V !" %" %k %4 %j %: %‘ $r $b $D It J, 9= B$ $r F3 F~ $7 $? !# $= $l $K $h $C $F ?t 3X $N =t 35 G0 $H %" %k %4 %j %: %‘ $N Aj 8_ 4X 78 $N 8& 5f $r ?J $a $? !# 2r @O 3X $K $* $1 $k %" %k %4 %j %: %‘ $N 8& 5f $G $O !" " 7W ;; 2D G= $J <B ?t " $r 9M ;! $N %Y !< %9 $K $9 $k !# $3 $3 $G <B ?t x $, 7W ;; 2D G= $H $O !" x $, <! $N Fs $D $N >r 7o $r K~ $? $9 J, ?t Ns f r n g $K $h $C $F 6a ;w $5 $l $k $3 $H $r ;X $9 !# !J #1 !K J, ?t Ns f r n g $r 9= @. $9 $k %" %k %4 %j %: %‘ $, B8 :_ $9 $k !# !J 3F <+ A3 ?t n $N F~ NO $K BP $7 $F r n $r 7W ;; $9 $k %W %m %0 %i %‘ $, B8 :_ $9 $k !# !K !J #2 !K 6a ;w $N @: EY $r 7W $k %" %k %4 %j %: %‘ $, B8 :_ $9 $k !# !J 3F <+ A3 ?t p $K BP $7 $F !" N p 0J >e $N <+ A3 ?t m $K $D $$ $F $O j x � r m j � 1 = 2 p $H $J $k $h $& $J <+ A3 ?t N p $r M? $( $k %W %m %0 %i %‘ $, B8 :_ $9 $k !# !K !J #2 !K $, @. $j N) $C $F $$ $k $H $- $K !" x $O f r n g $K $h $C $F <B 8z E* $K 6a ;w $5 $l $k !" $H $$ $& !# 0l HL $K $3 $l $K ;w $? >r 7o $, @. $j N) $D $H $- $K !" " <B 8z E* " $H $$ $& I= 8= $r ;H $& !# <B ?t x $, 7W ;; 2D G= $G $" $k $H $O !" J, ?t $K $h $k x $N L5 8B @: EY $N 6a ;w $r M? $( $k %W %m %0 %i %‘ $, =q $1 $k !" $H $$ $& $3 $H $K $J $k !# 1

>e 5- $N Dj 5A $O !" 7W ;; 2D G= $J <B ?t Ns $K $b <+ A3 $K 3H D% $G $- $k !# 6K 8B $K $D $$ $F 8@ 5Z $9 $k $? $a $K $O !" <B ?t Ns $N 7W ;; 2D G= @- $, I, MW $G $" $k !# 7W ;; 2D G= $J <B ?t Ns $N B2 $r !" <B ?t $K $* $1 $k 7W ;; 2D G= @- 9= B$ $H 8F $V !# Pour-El $O $3 $l $i $N 4p K\ E* $J %" %$ %G %# %" $N >e $K !" O" B3 4X ?t !" Hy @Q J, !" Banac h 6u 4V $* $h $S Hilb ert 6u 4V $K $* $1 $k 7W ;; 2D G= @- 9= B$ $N M} O@ $r E8 3+ $7 $? !# $= $3 $G F@ $i $l $? 7k 2L $K $h $l $P !" 7W ;; 2D G= @- !J %" %k %4 %j %: %‘ $N B8 :_ !K $O !" " $J $a $i $+ $5 " $N Dx EY $N I= 8= $G $" $k $3 $H $, J, $+ $k !# $? $H $( $P Hy J, :n MQ AG $O !" C 1 4X ?t >e $G $O 7W ;; 2D G= @- $r J] B8 $7 $J $$ $, !" C 2 4X ?t >e $G $O J] B8 $9 $k !# $^ $? !" @~ 7A :n MQ AG $N M- 3& @- $H 7W ;; 2D G= @- $N J] B8 $H $O F1 CM $G $" $k !# 7W ;; 2D G= $J <B ?t $* $h $S 4X ?t !" Banac h 6u 4V $N 7W ;; 2D G= @- 9= B$ !" Hilb ert 6u 4V $K $* $1 $k %" %k %4 %j %: %‘ $N Ld Bj $J $I $O [ ? ] $K >\ $7 $/ 2r @b $5 $l $F $$ $k !# FI $_ $d $9 $$ K\ $G $" $k !# 4X ?t 2r @O $N OH AH $_ $O !" Cj >] 2= $N <B 8= $H $7 $F 9= C[ $5 $l $? $b $N $G $" $k $, !" $= $l $, O@ M} E* $J $b $N $G $" $k $? $a $K !" 7W ;; 2D G= @- $N 8& 5f $K $b ET 9g $, $h $$ $N $G $" $k !# Pour-El M} O@ $N $= $N 8e $N ?J E8 $H $7 $F !" F r � ec het 6u 4V $N 7W ;; 2D G= @- 9= B$ !J [ ? ] !K !" F r � ec het 6u 4V $N 5w N% $E $1 $H 7W ;; 2D G= @- Ld Bj !J [ ? ] !K !" 5w N% 6u 4V $N 7W ;; 2D G= @- 9= B$ !J [ ? ] !K $J $I $, $" $k !# 0J >e $N Am 9g Js 9p $H $7 $F !" OI 86 !& H, ?y $K $h $k 86 9F " 2r @O 3X $K $* $1 $k 7W ;; 2D G= @- 9= B$ " $, $" $k !# $^ $? !" %f !< %/ %j %C %I 6u 4V $N 7W ;; 2D G= $J =8 9g $K 4X $9 $k 5D O@ !J [ ? ] !K $* $h $S $= $N 1~ MQ !J [ ? ] !K $J $I $b $" $k !# $J $* !" ?t 3X $K $* $1 $k %" %k %4 %j %: %‘ $N 8& 5f $K $O $$ $m $$ $m $J J} 8~ $, $" $k $, !" [ ? ] $@ $1 $r ;2 9M $K $" $2 $F $* $/ !# 7W ;; 2D G= 2r @O 3X $N 4p AC IU $1 $H $7 $F $O [ ? ] $J $I $, $" $k !# P our-El M} O@ $H $3 $l $i $N 4V $N Aj 8_ 4X 78 $O !" >- Mh $N 2] Bj $G $" $k !# B> J} [ ? ] $K $* $$ $F L.Blum !" M.Sh ub $* $h $S S.Smale $O !" =g =x 4D !J =g =x BN !K >e $N !" B? 9‘ <0 !J M- M} 4X ?t !K $N 7+ $j JV $7 E, MQ $* $h $S Ey <0 !& IT Ey <0 $N H= Dj $r %Y !< %9 $K $7 $? !" 7W ;; %^ %7 %s $r Dj 5A $7 $? !# !J $3 $N %^ %7 %s $r 2> $K BSS %^ %7 %s $H 8F $V !# !K BSS %^ %7 %s $G $N 7W ;; $N Dd ;_ @- Ld Bj $r Julia =8 9g $J $I $K 1~ MQ $7 $F $$ $k !# $3 $N J} LL $N 8& 5f $b ?J $s $G $$ $k $, !" Hs 8x <0 $N 2r @b !’ Ro ot �nding algorithm $K $D $$ $F $N McMullen $N ;E ;v $K $D $$ $F !J >. ?9 MN J? !! 1995 !K $, ;2 9M $K $J $k !# BSS %^ %7 %s $G $O <B ?t $K 4X $9 $k 7W ;; $r 4p AC $K $9 $k $N $G !" => Mh $N %" %W %m !< %A $H $O 0[ $J $k !# $7 $+ $7 %Y !< %9 $H $7 $F @0 ?t 4D $r $H $l $P !" BSS %^ %7 %s $G 7W ;; $G $- $k 4X ?t $O K\ <A E* $K :F 5" 4X ?t !J <+ A3 ?t >e $N 7W ;; 2D G= 4X ?t !K $H 0l CW $9 $k !# $7 $? $, $C $F K\ 9F $G $O $^ $: BSS %^ %7 %s $r @b L@ $9 $k !# $= $N FC <l $J >l 9g $H $7 $F $N :F 5" 4X ?t $r ;H $C $F !" Pour-El N. $N 7W ;; 2D G= @- $r F3 F~ $9 $k !# N> M} O@ $N 4X 78 $N 2r L@ $O 6= L# $" $k Ld Bj $G $" $j !" :# 8e $N 2] Bj $G $" $k !# BSS %^ %7 %s $K $D $$ $F $O !" Julia =8 9g $N 7h Dj Ld Bj $K $N $_ !" 8@ 5Z $9 $k !# $^ $? !" Pour-El M} O@ $K 4X $7 $F $O !" <B ?t $H <B ?t >e $N O" B3 4X ?t $K $D $$ $F $N $_ !" 2r @b $9 $k !#

2 BSS %^ %7 %s 0J 2< $G R $O C1 0L MW AG $r $b $D 2D 49 =g =x 4D $H $9 $k !# Dj 5A 2.1 R n $O !" N 8D $N R $N D> OB $r I= $9 !J n = 1 ; 2 ; � � � !K !# F : R n ! R m $, B? 9‘ <0 <L A| $G $" $k $H $O !" f = ( f 1 ; � � � ; f i ; � � � ; f m ) $G !" 3F f i $O n JQ ?t B? 9‘ <0 f i : R n ! R $G $" $k !# $H $/ $K R $, BN $N $H $- !" B? 9‘ <0 $r M- M} 4X ?t $H FI $_ BX $( $? Dj 5A $, 2D G= $G $" $k !# >e $N Dj 5A $O n = 1 $N >l 9g $K 3H D% $G $- $k !# univ ersal machine $r 07 $& $H $- $K $O $3 $N %1 !< %9 $O =E MW $G $" $k $, !" HQ ;( $5 $r Hr $1 $k $? $a $K !" n $, M- 8B $N >l 9g $K 8B $C $F OC $r ?J $a $k !# Dj 5A 2.2 BSS %^ %7 %s M $H $O !" R l $+ $i $N F~ NO $K BP $7 $F !" C‘ <! 0J 2< $N $3 $H $r <B 9T $9 $k $? $a $N !" 5, B’ $N =8 9g $G $" $k !# $? $@ $7 M- 8B 8D $N B? 9‘ <0 !J M- M} 4X ?t !K <L A| $, M? $( $i $l $F $$ $k $b $N $H $9 $k !# 1. B? 9‘ <0 !J M- M} 4X ?t !K $r E, MQ $7 $F 7W ;; $7 !" <! $X ?J $‘ !# 2. CM $, Ii !J R $K $* $1 $k =g =x $G !K $G $" $k $+ Hs Ii $G $" $k $+ $r H= Dj $7 !" $= $N 7k 2L $K $7 $? $, $C $F <! $X ?J $‘ !# !J #2 J} 8~ $K J, 4t $9 $k !# !K 3. Dd ;_ $9 $k !# <B :] $N F~ NO $K BP $7 $F !" Dd ;_ $9 $k >l 9g $b $7 $J $$ >l 9g $b $" $k $, !" Dd ;_ $7 $? $H $- $N CM $, =P NO CM $K $J $k !# %^ %7 %s M $N :n F0 $N %W %m %; %9 $r !J M $K $h $k !K 7W ;; 2a Dx $H 8F $V !# M = f y j F~ NO y $K BP $7 $F !" M $K $h $k 7W ;; 2a Dx $, Dd ;_ $9 $k g $H $* $- !" M $r M $N Dd ;_ =8 9g $H 8F $V !# Dj 5A 2.3 � $, R l ! R m $N !J It J, !K 4X ?t $G $" $k $H $- !" 4X ?t � $N Dj 5A 0h � $O R l $N It J, =8 9g $G $" $k !# $3 $l $K BP $7 $F $" $k BSS %^ %7 %s M $, B8 :_ $7 $F !" � = M $G $" $k $H $- $K !" � $O R >e $N It J, 7W ;; 2D G= 4X ?t $G $" $k $H $$ $& !# $H $/ $K � = M = R l $N $H $- 7W ;; 2D G= 4X ?t $G $" $k $H $$ $& !# L? Bj 2.1 Dj 5A 2.3 $G R $r @0 ?t 4D Z !" m = 1 $H $7 $? $H $- $K !" Z >e $N 7W ;; 2D G= 4X ?t $O !" " $U $D $& $N " 0U L# $N :F 5" 4X ?t !J 7W ;; 2D G= 4X ?t !K $G $" $k !# " $U $D $& $N " :F 5" 4X ?t $O <+ A3 ?t N >e $N 4X ?t $G $" $k $, !" Z $+ $i $N D4 @a $O MF 0W $G $" $k !# 0J 8e :F 5" 4X ?t $O <+ A3 ?t >e $N $b $N $H $9 $k !# <+ A3 ?t $N =8 9g A $, :F 5" E* $H $O !" 3F MW AG n $K $D $$ $F n 2 A ? $N H= Dj $, :F 5" 4X ?t $K $h $C $F $G $- $k $3 $H $r $$ $& !# ?t 3X $K $* $1 $k 7W ;; 2D G= @- $N 8& 5f $G $O !" 7W ;; IT 2D G= @- $r <( $9 $? $a $N H? Nc $, =E MW $G $" $k !# H? Nc $r :n $k 4p AC $K $J $k $N $, $D $. $N ;v <B $G $" $k !’ :F 5" E* C1 <M a $G !" $= $N CO 0h a ( N ) $, :F 5" E* $G $J $$ $b $N $, $" $k !#

BSS M} O@ $G $O !" R $, <B ?t $N =8 9g R $N >l 9g $, =E MW $G $" $k !# $" $k BSS %^ %7 %s M $K 4X $7 $F X = M $H I= $5 $l $k <B ?t $N =8 9g X $r R >e $N Kg 5s 2D G= =8 9g $H $$ $& !# X $b $= $N Jd =8 9g $b Kg 5s 2D G= $G $" $k $H $- !" X !J $* $h $S R � X !K $O R >e $G 7h Dj 2D G= $G $" $k !" $H $$ $& !# $3 $l $K 4X $7 $F $? $H $( $P !" <! $N ;v <B $, <( $5 $l $k !’ " $[ $H $s $I $N "Julia =8 9g $O Kg 5s 2D G= $G $J $$ !# $3 $l $i $N Jd =8 9g $O Kg 5s 2D G= $G $" $k $, 7h Dj 2D G= $G $J $$ Nc $G $" $k !# 3 P oue-El M} O@ $K $* $1 $k 7W ;; 2D G= @- Dj 5A 3.1 !J 7W ;; 2D G= J, ?t Ns !K J, ?t Ns f r n g $, 7W ;; 2D G= $H $O !" :F 5" 4X ?t � !" � !" � $r MQ $$ $F !" r n = ( � 1) � ( n ) � ( n ) =� ( n ) $H I= $5 $l $k $3 $H $G $" $k !# $? $@ $7 !" 3F n $K $D $$ $F � ( n ) 6 = 0 $H $9 $k !# Dj 5A 3.2 !J <B 8z E* <} B+ !K J, ?t Ns f r n g $, <B ?t x $K <B 8z E* $K <} B+ $9 $k $H $O !" :F 5" 4X ?t � $, B8 :_ $7 $F !" 3F <+ A3 ?t p $K $D $$ $F !J n � � ( p ) $J $i $P j r n � x j � 1 = 2 p !K $, @. $j N) $D $3 $H $G $" $k !# $3 $N $H $- � $r $3 $N ?t Ns $N !J x $X $N !K <} B+ N( $H 8F $V !# Dj 5A 3.3 !J 7W ;; 2D G= $J <B ?t !K <B ?t x $, 7W ;; 2D G= $H $O !" x $K <B 8z E* $K <} B+ $9 $k 7W ;; 2D G= $J J, ?t Ns $, B8 :_ $9 $k $3 $H $G $" $k !# Dj 5A 3.4 !J J, ?t $N <B 8z E* %3 !< %7 !< Ns !K J, ?t Ns f r n g $, <B 8z E* $J %3 !< %7 !< Ns $G $" $k $H $O !" :F 5" E* 4X ?t � $, B8 :_ $7 $F !J n; m � � ( p ) $J $i $P j r n � r m j � 1 = 2 p !K $, @. $j N) $D $3 $H $G $" $k !# 7W ;; 2D G= $J <B ?t $O J, ?t Ns $N <B 8z E* $J %3 !< %7 !< Ns $G I= 8= $5 $l !" $= $N <} B+ N( $O :F 5" E* $J 4X ?t $G %3 %s %H %m !< %k $5 $l $k !# 7W ;; 2D G= $J <B ?t $O !" :F 5" E* 4X ?t $K $h $k I= 8= $r $b $D $+ $i !" 2D ;; 8D $7 $+ $J $$ !# M- M} ?t !" � ; e !" <+ A3 ?t $N J? J} :, !" $J $I $O 7W ;; 2D G= $G $" $k !# $^ $? !" 7W ;; 2D G= $J <B ?t $N =8 9g $O !" ;M B’ 1i ;; $K $D $$ $F JD $8 $F $$ $k !# Nc $( $P <B ?t e $K $D $$ $F !" J, ?t Ns f P k n =0 1 =n ! g $O 7W ;; 2D G= $G $" $j !" $+ $D :F 5" E* 4X ?t � ( p ) = p + 2 $r <} B+ N( $H $7 $F !" e $K <B 8z E* $K <} B+ $9 $k !# L? Bj 3.1 !J =g =x 4X 78 $N H= Dj !K x $r 7W ;; 2D G= $J <B ?t $H $9 $k !# x > 0 !J $^ $? $O x < 0 !K $J $i $P !" $3 $N ;v <B $r <( $9 <B 8z E* $J <j B3 $- $, B8 :_ $9 $k $, !" x = 0 $N >l 9g !" $3 $l $r <( $9 <B 8z E* $J <j B3 $- $O !" 0l HL $K $O B8 :_ $7 $J $$ !# BSS $N $h $& $K <B ?t $K $D $$ $F $N Hs Ii $N H= Dj $r 4^ $‘ 7W ;; $O !" L? Bj ?? $K $h $C $F !" K\ @a $N 0U L# $N 7W ;; $K $O Aj Ev $7 $J $$ !# 7W ;; 2D G= $J #2 =E J, ?t Ns $r ;H $C $F Dj 5A ?? $H F1 $8 $h $& $K !" " 7W ;; 2D G= $J <B ?t Ns " $r Dj 5A $G $- $k !# J, ?t $N >l 9g $H F1 $8 $h $& $K !" <B ?t Ns $N <B 8z E* <} B+ $, Dj 5A $G $- $k !#

6K 8B $K 4X $9 $k 4p K\ ;v 9‘ $O !" 2< 5- $N $H $* $j $G $" $k !# !J 6K 8B $N 7W ;; 2D G= @- !K <B ?t $N #2 =E ?t Ns f x nk g $, 7W ;; 2D G= $G $" $j !" <B ?t Ns f x n g $K <B 8z E* $K <} B+ $9 $k $J $i $P !" ?t Ns f x n g $O 7W ;; 2D G= $G $" $k !# !J C1 D4 Ns $N 6K 8B !K #2 =E ?t Ns f x nk g $O 7W ;; 2D G= $G $" $j k $K 4X $7 $F A} 2C Ns $G $" $k $H $9 $k !# $^ $? !" 3F n $K $D $$ $F f x nk g $, f x n g $K <} B+ $9 $k $b $N $H $9 $k !# $3 $N $H $- ?t Ns f x n g $, 7W ;; 2D G= $G $" $k $3 $H $H !" <} B+ $, <B 8z E* $G $" $k $3 $H $O F1 CM $G $" $k !# !J H? Nc $N :n $j J} !K a $O :F 5" E* C1 <M $G !" =8 9g A = a ( N ) $, Hs :F 5" E* $H $9 $k !# s k = P k m =0 1 = 2 a ( m ) !" s = lim k !1 s k $H $* $/ $H !" f s k g $N <} B+ $O <B 8z E* $G $J $$ !# <B :] $K $3 $N s $, 7W ;; 2D G= $G $J $$ $3 $H $, <( $5 $l $k !# 0J 2< $G $O 7W ;; 2D G= $J <B ?t $r C< E@ $H $9 $k M- 3& JD 6h 4V $G Dj 5A $5 $l $? , <B ?t CM 4X ?t $r 9M ;! $N BP >] $K $9 $k !# Dj 5A 3.5 !J 4X ?t $N 7W ;; 2D G= @- !K JD 6h 4V I >e $G Dj 5A $5 $l $? 4X ?t f ( x ) $, <! $N >r 7o (i),(ii) $r K~ $? $9 $H $- , 7W ;; 2D G= $G $" $k $H $$ $& !# (i) !! ?t Ns $N 7W ;; 2D G= @- $r J] B8 $9 $k !# $9 $J $o $A , f x n g $, 7W ;; 2D G= $J $i $P f f ( x n ) g $, 7W ;; 2D G= $G $" $k !# (ii) !! f ( x ) $O <B 8z E* $K 0l MM O" B3 $G $" $k !# $9 $J $o $A , :F 5" E* 4X ?t � $, B8 :_ $7 $F j x � y j � 1 =� ( p ) $J $i $P j f ( x ) � f ( y ) j � 1 = 2 p � $r , 4X ?t f $N O" B3 N( $H $h $V !# <B ?t A4 BN R $* $h $S 3+ 6h 4V ( a; b ) >e $N 4X ?t $N 7W ;; 2D G= @- $b , F1 MM $K Dj 5A $5 $l $k !# M- 3& JD 6h 4V >e $N >l 9g $H $N 0c $$ $O , >r 7o !J ii !K $, 3H D% $5 $l $k $3 $H $G $" $k !# 4X ?t $N 7W ;; 2D G= @- $O !" 4X ?t $N 9g @. !" E= $j 9g $o $; !" 3H D% !" <B 8z E* <} B+ !J :G Bg CM %N %k %‘ $K $h $k !K $* $h $S IT Dj @Q J, $K 4X $7 $F J] B8 $5 $l $k !# 7W ;; 2D G= $J 4X ?t $N :G Bg CM $O 7W ;; 2D G= $J <B ?t $G $" $j !" $= $N Cf 4V CM $H $7 $F 7W ;; 2D G= $J <B ?t $, $H $l $k !# Hy J, $O 4X ?t $N 7W ;; 2D G= @- $r I, $: $7 $b J] B8 $7 $J $$ $, !" $+ $J $j 3j $i $+ $J 4X ?t $K $D $$ $F $O J] B8 $9 $k !# $h $/ CN $i $l $? 4X ?t !" $? $H $( $P 7W ;; 2D G= $J 78 ?t $r $b $D B? 9‘ <0 !" max ; exp ; sin cos ; log ; p $J $I $O $9 $Y $F 7W ;; 2D G= $G $" $k !# 2< 5- $N L? Bj $O !" 7W ;; 2D G= $J 4X ?t $N FC D’ IU $1 $r <( $9 !# L? Bj 3.2 !J W eierstrass 6a ;w Dj M} !K f ( x ) $, I >e $G Dj 5A $5 $l $? 7W ;; 2D G= $J 4X ?t $G $" $k $H $- , I $G f ( x ) $K <B 8z E* $K <} B+ $9 $k 7W ;; 2D G= $J B? 9‘ <0 Ns $, B8 :_ $9 $k !# $3 $3 $G B? 9‘ <0 Ns f p n ( x ) g $, 7W ;; 2D G= $H $O , 7W ;; 2D G= $J #2 =E J, ?t Ns f r ni g $H :F 5" E* 4X ?t � $K $h $C $F p n ( x ) � P � ( n ) i =0 r ni x i $G Dj 5A $5 $l $k $3 $H $G $" $k !#

;2 9M J8 8% [1] Erret Bishop and Douglas S. Bridges, Constructive A nalysis , Springer- V erlag(1985). [2] Lenora Blum, Mik e Shub and Stev e Smale, On the the ory of c omputa- tion and c omplexity over the r e al numb ers: NP-c ompleteness,r e cursive functions and universal machines , Bull.of AMS, v ol.21(1989),1-46. [3] Hiroy asu Kamo and Kiko Kaw am ura, Computability of Self-similar Sets ,Man uscript(1997). [4] T ak ak azu Mori, Y oshiki Tsujii and Marik o Y asugi, Computability structur es on metric sp ac es ,Com binatorics, Complexit y , and Logic (ed.D.S.Bridges et al.), Pro ceedings of DMTCS’96(1996), 351-362. [5] Marian B. P our-El and J. Ian Ric hards, Computability in Analysis and Physics , Springer-V erlag(1989). [6] Masako W ashihara, Computability and F r � echetsp ac es , Math. Jap., v ol.42(1995), 1-13. [7] Masako W ashihara and Mariko Y asugi , Computability and metrics in a F r � echetsp ac e ,Math. Jap., vol.43(1996), 431-443. [8] Klaus W eihrauc h, A foundation for c omputable analysis , Com bina- torics, Complexity , and Logic (ed.D.S.Bridges et al.), Pro ceedings of DMTCS’96(1996), 66-89. [9] Qing Zhou, R e cursive op en and close d subsets of R n , Manuscript(1996).