Computability problems on the continuum

Mariko Yasugi Faculty of Science Kyoto Sangyo University e-mail:yasugi@cc.kyoto-su.ac.jp

December 4, 2003

1 Introduction

It is important and mathematically significant to review some theories of mathematics from an algorithmic standpoint.

In studies of algorithm in analysis, one puts the basis of considerations on the computability of real numbers and the computability of continuous functions.

Here a real number x is said to be computable if there is a sequence of rational numbers (fractions) {r_n} which approximates x and satisfies the following two conditions.

(1) The fractional sequence {r_n} is recursive.

(2) There is a recursive modulus of convergence (approximation). When the condition (2) holds, we say that x is effectively approximated by {r_n}, or {r_n} effectively converges to x. In general, we use the expression effective when a condition similar to (2) is satisfied.

A computable sequence of real numbers can also be defined in a similar manner. One needs the computability of a sequence of real numbers when one has to refer to the limit.

The family of all computable sequences of real numbers is called the computability structure of the field of real numbers.

The computability of a continuous real function on a compact interval with computable end points can be defined in a natural manner. A real function f (on a compact interval) is computable if the following hold.

(3) f preserves sequential computability, that is, for any input of a computable sequence of real numbers, its output by f is also a computable sequence.

(4) f has a recursive modulus of uniform continuity.

Computability on an open interval can be defined in terms of an approximation of the interval by a sequence of compact intervals and a modulus of uniform continuity which is recursive relative to the approximating intervals.

These notions of computability respectively of a real number (a sequence of real numbers) and of a continuous function (a sequence of continuous functions) are generally agreed to be natural and in a sense the strongest.

According to the definition described in (3) and (4) above for a continuous function, computability means that there is a way to nicely approximate the values for computable inputs, and this notion depends on the continuity.

Very often, however, we compute values and draw a graph of a discontinuous function. We can, let Mathematica, for example, draw graphs of some discontinuous functions. We thus expect that some class of discontinuous functions can be attributed a certain kind of computability. In an attempt of computing a discontinuous function, a problem arises in the computation of the value at a jump point (a point of discontinuity). This is because it is not in general decidable if a real number is a jump point, that is, the question “x = a?” is not decidable even for computable x and a.

(For the subsequent discussion, let us here note the following: =, ≤, < on natural numbers and fractional numbers are decidable. a < b is decidable for computable real numbers a and b, while a = b and a ≤ b are not necessarily decidable even for computable real numbers.)

One method of dissolving this problem was proposed in [10] by Pour-El and Richards. It was a functional analysis approach, that is, a function is regarded as computable if it can be effectively approximated by effectively enumerated rational coefficient polynomials with respect to the norm of a function space, such as a Banach space or a Fréchet space.

In such a case, a function is regarded as computable as a point in a space. This is sufficient in order to draw a rough graph of the function, but does not supply us with information when computing individual values.

There are many ways of characterizing computation of a discontinuous function. Here we will report some of the approaches to this problem which we have undertaken so far.^1 One is to express the value of a function at a jump point in terms of limiting recursive funcions instead of recursive functions ([16]). Another is to change the topology of the domain of a function ([12]). In fact they are equivalent ([18]).

This is a report of our joint works with V.Brattka, T.Mori, Y.Tsujii and M.Washihara. References of related works and some other approaches are listed in References, details of which will not be mentioned here. Pour-El theory as well as its succeeding works on computability structures for Fréchet spaces and metric spaces are also explained in [20].

2 Preliminaries

The basic definitions below are taken from [10]. A sequence of ratinal numbers {r_n} is called recursive if

r_n = (−1)^{β(n)} γ(n) δ(n)

with recursive β, γ and δ.

1This work has been supported in part by JSPS 12440031 as well as by KSU-Project03.

A real number x is called computable (R-computable) if

∀m ≥ α(p).|x − r_m| < 1 2^p

for recursive α and {r_m}. We will express such a circumstance as x ≃ ⟨r_m, α⟩.

These definitions can be extended to a computable sequence of real numbers. A real (continuous) function f is computable (R-computable) if the following hold.

(i) f preserves sequential computability, that is, for a computable {x_n}, {f(x_n)} is computable.

(ii) f is continuous with recursive modulus of continuity, say β;

∀p∀n ∈ N^+∀k ≥ β(n, p)∀x, y ∈ [n, n + 1].

|x − y| < 1 2^k

⇒ |f(x) − f(y)| < 1 2^p . This can be extended to a computable sequence of functions.

3 Computation in the limit

As a start, we will try to compute g(x) =^1_2 [x], where [x] is the Gaussian function, according to [16].

Let x be a computable real number with x ≃ ⟨r_m, α⟩, and let us consider how to compute the value g(x). For the sake of simplicity, we assume x > 0. From the information on x, one can effectively find an n such that n < x < n+2. Then check r_{α(p)} < (n + 1) − 1/2^p ?

According to the answer to this inquiery, we define a sequence of integers {N_p} as follows. While the answer is No, put N_p = n + 1. Once the answer becomes Yes at p, then put N_q = n for all q satisfying q ≥ p. The sequence {N_p} is well-defined and recursive.

Define next a recursive sequence of rational numbers r_p =^{Np}_2 . If N_p = n + 1 holds for all p, then the limit of the sequence {r_p} is^{n+1}_2 ; otherwise, the limit is^n_2 . In either case, the sequence {r_p} approximates the value^1_2 [x]. For each case, there is a recursive modulus of continuity; only, we cannot decide which is the case.

This undecidability indicates that, although there is a computation algorithm for each x, it does not guarantee a master program to compute the value 1 2 [x]. Indeed, there is a computable sequence of real numbers {x_n} for which the sequence of values {^1_2 [x]} is not computable. On the other hand, if we allow a limiting recursive function for a modulus of convergence, then we can claim the following: for any computable sequence of real numbers {x_m}, there is a recursive sequence of rational numbers {q_{mi}} which approximates {^1_2 [x_m]} with a modulus of convergence which is limiting recursive.

The limiting recursive function is defined as follows.

Definition 3.1 (Limiting recursive function: Gold[4]) Let r, s ≥ 0 be integers and let g and ϕ_1, · · · , ϕ_r be recursive functions. The partial function h defined as follows will be called limiting recursive:

h(p_1, · · · , p_s) = lim_n g(ϕ̃_1(n), · · · , ϕ̃_r(n), p_1, · · · , p_s, n),

where ϕ̃(n) is a code for the finite sequence

⟨ϕ(0, p_1, · · · , p_s), · · · , ϕ(n, p_1, · · · , p_s)⟩ .

Examples h(p_1, · · · , p_s) = lim_n ϕ(n, p_1, · · · , p_s).

h(p_1, · · · , p_s) =the least value of ϕ(n, p_1, · · · , p_s) with respect to n.

There are many examples of real functions which can be computed using the limiting recursive modulus of convergence: see examples below. They are all piecewise continuous functions, jumping at some computable points. It is hence sensible to confine ourselves to such functions as a start of studying computability problems of discontinuous functions.

Examples ([16], [21]) h(x) = x − [x]; ]x[= n if and only if n < x ≤ n + 1; σ(x) = 1(x ∈ (0, ∞)), =^1_2 (x = 0), = 0(x ∈ (−∞, 0)); the Rademacher function system; τ(x) = tan x if^{2n+1}_2 π < x <^{2n+3}_2 π and τ(x) = 0 if x =^{2n+1}_2 π.

4 Topological computability

In computing the values or drawing the graph of a piecewise continuous function, it is a usual practice to first compute the value or plot a dot at a jump point, and then compute values or draw a curve on the open interval where the function is continuous. Such an action corresponds to the mathematical notion of isolating the jump points. We are thus led to the uniform topology of the real line induced from the Euclidean topology by isolating the jump points.

Let X be a non-empty set.

A sequence {V_n}_{n∈N} such that V_n : X → P (X) is called a uniformity if it satisfies some axioms, say, Axioms A_1 ∼ A_5 (to be stated below). In particular, A_1 and A_2 can be unified to

∩_nV_n(x) = {x}.

We will state Axioms A_3 ∼ A_5 in the form of effective uniformity. T = ⟨X, {V_n}⟩ forms a uniform topological space. Subsequent definitions are due to [12].

Definition 4.1 (Effective uniformity) A uniformity {V_n} on X is effective if there are recursive functions α_1, α_2, α_3 which satisfy the following.

∀n, m ∈ N∀x ∈ X, V_{α1 (n,m)}(x) ⊂ V_n(x) ∩ V_m(x) (effective A_3);

∀n ∈ N∀x, y ∈ X, x ∈ V_{α2 (n)}(y) → y ∈ V_n(x) (effective A_4); ∀n ∈ N∀x, y, z ∈ X, x ∈ V_{α3 (n)}(y), y ∈ V_{α3 (n)}(z) → x ∈ V_n(z) (effective A_5).

Definition 4.2 (Effective convergence) {x_k} ⊂ X effectively converges to x in X if there is a recursive function γ satisfying ∀x∀k ≥ γ(n)(x_k ∈ V_n(x)).

This can be extended to effective convergence of a multiple sequence.

Definition 4.3 (Computability structure) Let S be a family of sequences from X (multiple sequences included). S is called a computability structure if the following hold.

C1: (Non-emptiness) S is nonempty.

C2: (Re-enumeration) If {x_k} ∈ S and α is a recursive function, then {x_{α(i)}}_i ∈ S.

This can be extended to multiple sequences.

C3: (Limit) If {x_{lk} } belongs to S, {x_l} is a sequence from X, and {x_{lk}} converges to {x_l} effectively, then {x_l} ∈ S. (S is closed with respect to effective convergence.)

This can be extended to multiple sequences.

A sequence belonging to S is called computable, and x is computable if {x, x, · · ·} is computable.

We will henceforth consider the space

C_T = ⟨X, {V_n}, α_1, α_2, α_3, S⟩ .

Definition 4.4 (Effective approximation) {e_k} ∈ S is an effective approximating set of S: ∀{x_l} computable, there is a recursive function ν such that

∀n∀l(e_{ν(n,l)} ∈ V_n(x_l)).

Definition 4.5 (Effective separability) Suppose{e_k} is an effective approximating set and dense in X:

∀n∀x∃k(e_k ∈ V_n(x)).

Then C_T is effectively separable, and {e_k} is called an effective separating set.

Note Classically, a general method to define a metric d^∗ from a countable uniformity is known. It is an open problem if this induced metric preserves computability. We can, however, show that, effective convergence respectively with respect to an effective uniformity and with respect to the induced metric are equivalent ([19]).

Definition 4.6 (Relative computability) (1) f : X → R is relatively computable (with respect to S) if:

(i) f preserves sequential computability, that is, if {x_m} is E_T -computable, then {f(x_m)} is an R-computable sequence of real numbers.

(ii) For any {x_m} ∈ S there exists a recursive function γ(m, p) such that y ∈ V_{γ(m,p)}(x_m) implies |f(y) − f(x_m)| ≤^1_{2p} .

(2) (1) can be extended to a sequence of functions.

Definition 4.7 (Computable function) (1) f : X → R is computable if the following hold.

(i) f preserves sequential computability.

(ii) f is relatively computable, and there exist an effective approximating set, say {e_k} ∈ S, and a recursive function γ_0(k, p) for which

y ∈ V_{γ0(k,p)}(e_k) implies |f(y) − f(e_k)| ≤^1_{2p}

and_∞ ⋃ k=1 V_{γ0 (k,p)}(e_k) = X

for p.

(2) (1) can be extended to a sequence of functions.

Definition 4.8 (Uniform computability) f is uniformly computable if f preserves sequential computability and there is a recursive modulus of uniform continuity for f.

We will henceforth confine ourselves to real functions, and assume the notations below. Most of the subsequent definitions and results are taken from [18].

[Assumption] {a_k}_{k∈Z} will denote an R-computable sequence satisfying the following.

a_k < a_{k+1}, ∪_k[a_k, a_{k+1}] = R, a_k ≃ ⟨v_{kp}, γ⟩ ,

where R is the set of real numbers and {v_{kp}} and γ are recursive.

Definition 4.9 (A-uniformity) A_k = {a_k}, J_k = (a_k, a_{k+1}), J = ∪_kJ_k, A = {a_k : k ∈ Z} = ∪_kA_k, A_R = A ∪ J, (As a set, A_R = R) n = 1, 2, 3, · · ·, x ∈ A_R;

U_n(x) := {x} = {a_k} if x ∈ A_k;

U_n(x) := {y : y ∈ J_k, |x − y| <^1_{2n} } if x ∈ J_k A = ⟨A_R, {U_n}⟩

Notice that A_R = R as sets.

Corollary 1 {U_n} is an effective uniformity on A_R (A-uniformity).

Definition 4.10 (A-computability) A_Q = J ∩ Q;

ι_k (ι-symbol) will denote a “symbolic name” for a_k. A^∗_Q = A_Q ∪ ∪_{k∈Z}{ι_k};

{q_{μn}} ⊂ A^∗_Q is called an A-sequence if, for each μ, ∃k ∈ Z, q_{μn} = ι_k . for all μ or {q_{μn}} ⊂ J_k

An A-recursive sequence is a recursive A-sequence.

For {x_m} ⊂ A_R,

{x_m} ≃_A ⟨q_{mn}, α_A(m, p)⟩ (∗)

will denote the following relation:

{q_{mn}} ⊂ J_k if x_m ∈ J_k, {q_{mn}} = {ι_k} if x_m ∈ A_k, and

∀p∀l ≥ α_A(m, p)(|x_m − q_{ml}|_A < 1 2^p

) (∗∗)

if x_m ∈ J_k (|a − b|_A = |a − b|, a, b ∈ J_k).

{q_{mn}} is said to effectively A-approximate {x_m} with modulus of convergence α_A.

Similarly, for {x_{im}} ⊂ A_R,

{x_{im}} ≃_A ⟨q_{imn}, α_A(i, m, p)⟩ (∗)

can be defined.

{x_m} ⊂ A_R is A-computable if it is effectively approximated by a recursive A-sequence {q_{mn}} ⊂ A^∗_Q with a recursive modulus of convergence α_A(m, p), that is, (∗) holds.

x is A-computable if {x, x, x, · · ·} is A-computable. {e_n} will denote an effective enumeration of A_Q ∪ {a_k}.

Proposition 4.1 (R- and A-computable real) For a single real number x, x is R-computable if and only if x is A-computable.

Theorem 1 (Computability structure S_A) Let S_A be the family of computable sequences as defined in Definition 4.10. Then ⟨A_R, {U_n}, {e_n}, S_A⟩ is an effective uniform space with an effective separating set {e_n}.

Examples ([12]) Consider the space ⟨A_R, {U_n}, {e_n}, S_A⟩ with a_k = k. In this space, the function g(x) =^1_2 [x] is uniformly computable.

The function f defined by f(n) = n for n ∈ Z (the set of integers) and f(x) =^1_{x−k} on J_k is computable but not uniformly computable.

Consider J = ∪_k (k, k + 1) and let S_J denote the set of alll sequences from S_A which lie in J. It is a computability structure on A_R. Let f be the function f(x) = x. Then f is relatively computable with respect to S_J but not computable with respect to it.

Take the computability structure S_Z, that is, the subfamily of S_A whose sequences lie in Z. Define f(x) = [x +^1_2 ]. f is relatively computable with respect to S_Z but not continuous.

Similarly to A, we can change the topology of a subset of R. Using this idea applied to the interval [0, 1], we can further supply some examples and counter-examples.

Example Let X = [0, 1], and let X_A be the set X regarded as the disjoint sum of {0} and (0, 1]. Define V_l(0) = {0} and V_l(x) = B(x,^1_{2l} ) ∩ (0, 1] for x ∈ (0, 1]. X_A with {V_l} is an effective uniform topological space.

Consider the function f(x) =^1_x on (0, 1] and f(0) = 0. f is computable on X_A, but not uniformly computable.

5 Equivalence

As for a sequence of real numbers, R-computability and A-computability can be related in a certain way. As for a real function, the sequential computability with respect to the Euclidean topology and the sequential computability with respect to the uniform topology are equivalent (without any assumption). To state these facts, we will first introduce a limiting recursive sequence (of natural numbers). All the subsequent definitions and results are due to [18]. [Assumption] in the previous section is still assumed.

Definition 5.1 (Judging sequence) Let A and B be recursive relations defined as follows.

A(m, p) : |v_{km +1}γ(k_m + 1, p) − r_{mα(m,p)}| ≤ 4 2^p ,

B(m, p) : |v_{km +1γ(km+1,p)} − r_{mα(m,p)}| > 4 2^p . (Notice that either ∃pA(m, p) or ∀pB(m, p) holds.) Define next a recursive sequence of natural numbers {N_{mp}} and a limiting recursive sequence {l_m}.

N_{mp} = 0 if A(m, p),

N_{mp} = 1 if B(m, p),

l_m = lim_p N_{mp}.

(l_m = 0 if and only if ∃pA(m, p); l_m = 1 if and only if ∀pB(m, p).) {l_m} is a limiting recursive sequence of natural numbers, which will be called a judging sequence (judging which of the two cases holds).

Theorem 2 (Two computabilities of real numbers) (1) Suppose x_m ≃ ⟨r_{mn}, α⟩ is R-computable. Then we can construct an A-computable double sequence of real numbers, say {z_{mp}}, which converges to {x_m} with a modulus of convergence ν which is “recursive in {l_m}.”

(2) Suppose {x_m} is an A-computable sequence of real numbers with x_m ≃_A ⟨q_{mn}, α_A⟩. Then {x_m} is R-computable.

Definition 5.2 (Sequential computability) (1) f is L-sequentially computable if, for any R-computable {x_m} (x_m ≃ ⟨r_{mn}, α⟩), one can construct a recursive sequence of rational numbers {s_{mp}} and a function δ which is “recursive in {l_m}” such that {s_{mp}} approximates {f(x_m)} with δ as a modulus of convergence.

(2) f is A-sequentially computable if, for any A-computable sequence of real numbers {x_m}, we can construct a recursive sequence of rational numbers {s_{mp}} and a recursive function β such that f(x_m) ≃ ⟨s_{mp}, β⟩.

Theorem 3 (Equivalence) As for a real function f, two notions of sequential computability as defined in Definition 5.2 are equivalent (without any assumption).

(1) (From L to A) An L-sequentially computable function f is A-sequentially computable.

(2) (From A to L) An A-sequentially computable function f is L-sequentially computable.

We now turn to piecewise continuous functions, and define a notion of computability which we regard natural and productive.

Definition 5.3 (Piecewise computable function) f : R → R is piecewise computable if the following hold.

(i) For each R-computable real number x, f(x) is R-computable. (ii) There is a recursive function κ with which, for any x, y such that a_k < x, y < a_{k+1} and |x − y| <^1_{2κ(k,p)} , |f(x) − f(y)| <^1_{2p} .

Definition 5.4 (Para-computability) A real function f is para-computable if f is L- (hence A-) sequentially computable and is piecewise computable (cf. Definition 5.2, Theorem 3 and Definition 5.3).

Note (ii) of Definition 5.3 requires that f be effectively uniformly continuous on each interval (a_k, a_{k+1}). In fact, we can lift this condition in order to cover a wider range of piecewise computable functions, details of which will be omitted here.

The examples in Sections 3 and 4 are para-computable in the extended sense of Note above.

6 Appendix: Computability as a locally integrable function

At the end, let us briefly explain a function space approach to the computability of some piecewise continuous functions.

The family of real functions which are integrable on each compact set [−k, k] for every integer k forms a Fréchet space with the sequence of semi-norms

p_k(f) = ∫ [−k,k]

|f|dx.

Let us denote this space with ⟨ L^1_{loc}(R), {p_k} ⟩ , or LOCfor short.

As a generating set of the space LOC, take for example the sequence of monomials 1, x, x^2, x^3, · · · , x^n, · · ·. That is, every function in LOC can be approximated by a sequence of rational coefficient polynomials, or the linear span with respect to rational coefficients is dense in LOC.

A function in LOC can be defined to be computable if it is effectively approximated by a recursive enumeration of rational coefficient polynomials with respect to the semi-norms {p_k}. The sequence of monomials can therefore be regarded as an effectively generating set in LOC.

The para-computable functions in the sense of Definition 5.4 are computable in this sense.

References

[1] L.Blum, M.Shub and S.Smale, On a theory of computation and complexity over the real numbers: NP-completeness,recursive functions and universal machines, Bulletin of American Mathematical Society,vol.21,no.1(1989),1- 46. [2] V.Brattka, Computing uniform bounds, ENTCS 66-1(2002), 12pages;

http://www.elsevier.nl/locate/entcs/volume66.html.

[3] V.Brattka and K.Weihrauch, Computability on subsets of Euclidean space I: Closed and compact subsets, Theoretical Computer Science, 219 (1999), 65-93.

[4] E.M.Gold, Limiting recursion, JSL, 30-1(1965), 28-48.

[5] M.Nakata and S.Hayashi, A limiting first order realizability interpretation, SCMJ Online, vol.5(2001), 421-434.

[6] S.Hayashi and M.Nakata, Towards Limit Computable Mathematics, International Workshop, Type 2000, Selected Papres, LNCS, 2277, Springer,125- 144, 2002.

[7] T.Mori, Computabilities of Fine continuous functions, Computability and Complexity in Analysis, LNCS 2064, Springer, 200-221, 2001.

[8] T.Mori, On the computability of Walsh functions, TCS 284(2002), 419-436.

[9] T.Mori, Y.Tsujii and M.Yasugi, Computability structure on metric spaces, Combinatorics, Complexity and Logic (Proceedings of DMTCS’96), Springer(1996),351-362.

[10] M.B.Pour-El and J.I.Richards, Computability in Analysis and Physics, Springer-Verlag(1989).

[11] H.Tsuiki, Real number computation through Gray code embedding, TCS, vol.284, no.2(2002), 467-485.

[12] Y.Tsujii, M.Yasugi and T.Mori, Some properties of the effectively uniform topological space, Computability and Complexity in Analysis, LNCS 2064, (2001),Springer.336-356.

[13] M.Washihara, Computability and Fréchet spaces, Math. Jap., vol.42(1995), 1-13.

[14] M.Washihara,Computability and tempered distribution, to appear in Math.Jap..

[15] M.Washihara and M.Yasugi, Computability and metrics in a Fréchet space,Math. Jap., vol.43(1996), 431-443.

[16] M.Yasugi, V.Brattka and M.Washihara, Computability aspects of some discontinuous functions, Scientiae Mathematicae Japonicae (SCMJ) Online, vol.5 (2001), 405-419.

[17] M.Yasugi,T.Mori and Y.Tsujii, Effective Properties of Sets and Functions in Metric Spaces with Computability Structure, Theoretical Computer Science, 219(1999), 467-486.

[18] M. Yasugi and Y.Tsujii, Two notions of sequential computability of a function with jumps, ENTCS 66 No.1(2002), 11 pages; http://www.elsevier.nl/locate/entcs/volume66.html.

[19] M.Yasugi, Y.Tsujii and T.Mori, Metrization of the uniform space and effective convergence, Math. Log. Quart. 48(2002) Suppl. 1, 123-130.

[20] M.Yasugi and M.Washihara, Computability structures in analysis, Sugaku Expositions (AMS) 13(2000),no.2,215-235.

[21] M.Yasugi and M.Washihara, A note on Rademacher functions and computability, Words, Languages and Combinatorics III, World Scientific, 2003, 466-475.

[22] A.Yoshikawa, On an ad hoc computability structure in a Hilbert space, Proceedings of the Japan Academy, vol.79,Ser.A,No.3(2003), 65-70.